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ELLIPTIC AFFINE HECKE ALGEBRAS AND THEIR REPRESENTATIONS
GUFANG ZHAO AND CHANGLONG ZHONG
Abstract. We apply equivariant elliptic cohomology to the Steinberg variety in Springer theory,
and prove that the corresponding convolution algebra is isomorphic to the elliptic affine Hecke
algebra constructed by Ginzburg-Kapranov-Vasserot. Under this isomorphism, we describe explic-
itly the cohomology classes that correspond to the elliptic Demazure-Lusztig operators. As an
application, we study the Deligne-Langlands theory in the elliptic setting, and classify irreducible
representations of the elliptic affine Hecke algebra. The irreducible representations are in one to
one correspondence with certain nilpotent Higgs bundles on the elliptic curve. We also study
representations at torsion points in type-A.
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0. Introduction
As has been observed by Ginzburg-Kapranov-Vasserot in [GKV95], generalized cohomology the-
ories are in correspondence with 1-parameter formal groups, and the formal groups coming from
1-dimensional algebraic groups are in turn in correspondence with non-degenerate r-matrices. Mo-
tivated by the duality between representations of the quantum R-matrices and the representations
of the affine Hecke algebra, it was expected that 1-parameter algebraic groups are in correspon-
dence with affine Hecke type algebra. In [GKV97], for any 1-dimensional algebraic group, an affine
Hecke-type algebra was constructed. When the algebraic group is the additive (resp. multiplicative)
group, one gets the degenerate affine Hecke algebra (resp. the classical affine Hecke algebra).
In the current paper, we study the Hecke-type algebra coming from an elliptic curve, called the
elliptic affine Hecke algebra. The main tool we use is the equivariant elliptic cohomology of the
Steinberg variety. Similar to the situation of [KL87], we use cohomology theory to classify the
irreducible representations of the elliptic affine Hecke algebra, and to get the character formulas.
The irreducible representations are parametrized by nilpotent Higgs bundles on the elliptic curve,
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which occurred in the work of Baranovsky-Evens-Ginzburg as a deformation of the parametrization
of irreducible modules over the quantum torus [BEG03].
Without going into the details, the elliptic affine Hecke algebra is the following object. For any
root datum with lattice Λ and Weyl group W , let T = S1⊗ZΛ
∨ be the torus, where Λ∨ is the dual
of Λ. Let E be an elliptic curve over a ring R. Then AT×S1 := E ⊗Z (Λ
∨⊕Z) is an abelian variety
endowed with a natural action of W . Let π : AT×S1 → AT×S1/W be the quotient map. Roughly
speaking, the elliptic affine Hecke algebra H is a sheaf on AT×S1/W , whose local sections consist of
f =
∑
w∈W fw[w], where fw’s are rational functions on AT×S1 subject to certain conditions spelled
out in Section 4.1. It is endowed with a natural structure of sheaf of algebras. Furthermore, there
is a natural faithful action of H on the sheaf of functions on AT×S1 .
0.1. Elliptic cohomology and convolution construction of the elliptic affine Hecke al-
gebra. The axiomatic definition of the equivariant elliptic cohomology was given by Ginzburg-
Kapranov-Vasserot in [GKV95]. Its construction is sketched by Grojnowski in [Gr94b], and later
on established in details by many people. To give a, far from being complete, list of references
that we are following, see [And00], [And03], [Ch10], [Ge06]. (See also the exposition in [Ga12].)
This construction has been studied by [Lu09] in the framework of derived algebraic geometry. In
particular, Lurid proved the existence of the equivariant elliptic cohomology in a much more gen-
eral setting. In § 2 and § 3, we collect the basic notions and first properties of the equivariant
elliptic cohomology. We present proofs for some folklore facts, including the Atiyah-Bott-Berlin-
Vergne localization theorem, Atiyah-Segel completion theorem, and Quillen-Weyl-Kac pushforward
formula.
For any compact Lie group G, let AG be the moduli space of semi-stable topologically trivial
principal Galg bundles on the dual curve E∨, where Galg is the corresponding split algebraic group
of G over R. For example, A(S1)n ∼= E ⊗Z (Z
n), which is compatible with the notations in the
previous subsection. For any connected compact Lie group G with maximal torus T and Weyl
group W , we have a natural isomorphism AG ∼= AT /W .
For any G-space X, the G-equivariant elliptic cohomology of X, denoted by E∗G(X), is a sheaf of
Z-graded algebras on AG. When X = pt, then E
i
G(pt)
∼= OAG for even i, and vanishes for odd i.
Let B be the complete flag variety. Let N be the nil-cone of the complexified Lie algebra of G,
and let N˜ be T ∗B. There is a natural map N˜ → N which is a resolution of singularity, called the
Springer resolution. There are natural actions of GC × C∗ on N and N˜ , that make the Springer
resolution equivariant. The fiber product Z = N˜ ×N N˜ is called the Steinberg variety. Then
ΞG×S1(Z), certain twisted version of E
0
G×S1(Z), is endowed with a convolution product (defined in
[GKV95]), making it a coherent sheaf of associated algebras on AG×S1 . (See § 3.6 for details of the
definition.)
Theorem A (Theorem 5.6). There is an isomorphism Υ : H ∼= ΞG×S1(Z) of sheaves of algebras
on AG×S1 , where H is the elliptic affine Hecke algebra associated to the root datum of G, and
ΞG×S1(Z) the convolution algebra of the Steinberg variety.
The definition of H given in [GKV97] was motivated by the calculation in equivariant K-theory.
Therefore, Theorem A had been expected since then. However, no proof was known so far even in
special cases. The proof we give in § 5 is similar to that in [CG97] in the K-theory case, although
there are phenomena in the elliptic cohomology which do not occur in the K-theory. Moreover, in
the proof of Theorem A, we found explicit cohomology classes in ΞG×S1(Z) which correspond to
the elliptic Demazure-Lusztig operators in [GKV97], under this isomorphism.
Note that there is another construction, different from but somehow parallel to the one given
by [GKV97], which provides a Hecke-type algebra associated to a root datum and a 1-parameter
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formal group laws (see [HMSZ12], [Zh13], and [ZZ14]). In [ZZ14], it is shown that these formal
affine Hecke algebras are Borel equivariant cohomology of Steinberg varieties. In the case when the
formal group law comes from an elliptic curve, the algebra constructed using the formal group law
is a completion of the algebra studied in the current paper. (See also Remark 4.3.)
The study of convolution algebras of equivariant elliptic cohomology is postulated in [Gr94a]. In
[GKV95], a convolution construction of the classical elliptic algebra of type-A is given. It is expected
that a similar construction applied to quiver varieties will give the quantum elliptic algebra. We
postpone to a subsequent paper the study of quantum elliptic algebras, and the Schur-Weyl duality
between quantum elliptic algebras and elliptic affine Hecke algebras in type-A.
0.2. Representations of the elliptic affine Hecke algebra over the complex numbers.
In § 6.4, we show one application of Theorem A, i.e., a Deligne-Langlands type classification of
irreducible representations of H. Similar to the story of the classical affine Hecke algebra studied
by Kazhdan-Lusztig [KL87] and Ginzburg [Gi85], representations of convolution algebras can be
studied using the decomposition theorem. With minimal amount of notations introduced, we
summarize the classification as follows.
Let E be a complex elliptic curve. For (a, t) ∈ AT × E, let T (a, t) < T × S
1 be the smallest
subgroup T ′ < T × S1 such that (a, t) is contained in AT ′ ⊆ AT . (See Section 4.1 for details.) We
have T (a) < T . Let x be in the set of fixed points N T (a,t). We define G(a, x) to be the simultaneous
centralizer of T (a) < Galg and x ∈ N . Let C(a, x) be the component group of G(a, x). Let Ht be
the restriction of H to the subvariety AT /W × {t} ⊆ AT /W × E.
Theorem B (Corollary 6.10.(2)). Assume t ∈ E is a non-torsion point, then the irreducible repre-
sentations of Ht are in one-to-one correspondence with triples (a, x, χ), where a ∈ AG, x ∈ N
T (a,t),
and χ is an irreducible representation of C(a, x) which has non-zero multiplicity in H∗(B
T (a)
x ).
We also give a Delinge-Langlands-Lusztig type character formula in § 6.4.
Although the data parametrizing the irreducible representations of H is similar to those of the
affine Hecke algebra, the representations theory of the elliptic affine Hecke algebra is richer. Only
in the case when T (a, t) is generated by one semi-simple element, the corresponding irreducible
representations of H are isomorphic to those of the affine Hecke algebra of G.
In § 6.5, we show that when t is a non-torsion point, the set of triples {(a, x, χ)} above is in one
to one correspondence with the set of O({0} − {t})-valued nilpotent Higgs bundles Higgsnilt (E
∨)
on E. The set Higgsnilt (E
∨) was introduced in [BEG03] (see also § 6.5). For t = 0, in loc. cit.
it is shown that Higgsnilt=0(E
∨) parametrizes irreducible representations of the quantum torus. It
was conjectured in loc. cit. that Higgsnilt (E
∨) parametrizes the irreducible representations of the
double affine Hecke algebra of Cherednik (DAHA for short). However, in [Vas05] a classification
of irreducible modules over DAHA has been achieved. There are more irreducible representations
than predicted by the conjecture in [BEG03]. In a future publication of the first author and Valerio
Toledano Laredo, we will show an irreducible modules over DAHA that do not occur as Higgs
bundle on the elliptic curve if and only if it is torsion. Hence, the non-torsion irreducible integrable
modules over DAHA are parametrized by Higgs bundles.
0.3. Representations in type-A. Representations of the affine Hecke algebra of type-A at roots
of unity have been studied by Ariki [Ar95] and Grojnowski [Gr94a]. In particular, they proved that
the Grothendieck group of affine Hecke algebra of type-A at a l-th root of unity is isomorphic to
the negative half of the affine quantum group of type Al. See [Ar95, Proposition 4.3] for details.
They also proved that under this isomorphism the Lusztig canonical basis corresponds to the dual
of the classes of the simple objects in the category of modules over the affine Hecke algebra at roots
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of unity. This isomorphism has a categorical version, studied in [BK08], [KL09], and [R08]. More
precisely, it is well-known that, based on the work of Khovanov-Lauda and Rouqier, certain category
of modules over the quiver Hecke algebra categorifies the negative half of the affine quantum group
of type-A. On the other hand, it is proved in [R08, Proposition 3.18] that the affine Hecke algebra
at a root of unity is Morita equivalent to a suitable quiver Hecke algebra. Hence, one obtains a
categorification of the Ariki-isomorphism.
Using the Khovanov-Lauda and Rouqier’s work on the quiver Hecke algebra, we easily obtain
the elliptic counterpart of the Ariki’s theorem and its categorified version. This is carried out in
§ 7. We summarize the results here.
Assume q1, q2 ∈ S
1 are two torsion points of order n1 and n2 respectively, d = lcm{n1, n2} and
l = n1 · n2/d. Fix an isomorphism E ∼= S
1× S1 as Lie groups. Let St ⊂ E be the subset consisting
of z ∈ E such that z has the form (qu1 , q
v
2) for u, v ∈ Z, and let S
n
t ⊆ E
n be its product. Let Hn be
the elliptic affine Hecke algebra of GLn (or equivalently of Un). Let Mod-tHn be the subcategory
of finite dimensional Hn−modules, whose restriction to the action of S, considered as coherent
sheaves on En, are set theoretically supported on Snt .
Let Γd.l be disjoint union of l-copies of the cyclic quiver with d vertices. Let Hn(Γd,l) be the
quiver Hecke algebra of Γd.l, and Mod-0Hn(Γd,l) be certain category of modules spelled out in
details in § 7.1.
Theorem C (Theorem 7.6 and Corollary 7.7). (1) There is an equivalence of abelian cate-
gories Mod-0Hn(Γd,l) ∼= Mod-tHn.
(2) This isomorphism induces an isomorphism
(
U−(ŝld)
)⊗l ∼=⊕nK(Mod-tHn)∗.
Here ŝld is the affine Lie algebra of type Ad−1, and U
−(ŝld) the negative part of its enveloping
algebra. Under the isomorphism in (2), we identify explicit auto-functors on
⊕
nK(Mod-tHn)
which correspond to the Chevalley basis in U−(ŝld)
⊗l
There is also a graded version of this theorem, in which the enveloping algebra is replaced by
half of the quantum group. Under this isomorphism, the Lusztig canonical basis corresponds to
the dual basis of the classes of simple objects.
Notations. We summarize the conventions of push-forwards and pull-backs we use, for the con-
venience of the readers.
For any map of schemes f : X → Y and quasi-coherent sheaf G on Y , we use f∗G to denote the
inverse-image of G, and f−1g ∈ H0(X, f∗G), the pull-back section of g ∈ H0(Y,G).
Let p : X → Y be a morphism between two topological G-spaces. By vector bundles on topolog-
ical spaces, we always mean complex vector bundles, unless otherwise specified. For any G-vector
bundle V on Y , its pre-image on X will be denoted by p∗V . Taking equivariant elliptic cohomology,
we get a map between two sheaves of algebras on the moduli scheme AG, which will be denoted
by p♯ : E∗G(Y ) → E
∗
G(X). The projection of the relative spectrum SpecAG
E0G(X) → AG will be
denoted by πGX , or simply πX if G is clear from the context. The induced map on spectra by
p♯ will be denoted by pA : A
X
G → A
Y
G. According to our convention above, the direct-image and
inverse-image of quasi-coherent sheaves will be denoted by pA∗ and p
∗
A. If in addition, p is proper,
then there is a push-forward (Gysin map) in equivariant elliptic cohomology, p♯ : Θ(Tp)→ p
∗
AOAYG
of quasi-coherent sheaves on AXG . By adjunction, we also have pA∗Θ(Tp) → OAYG
, which will also
be denoted by p♯.
For any compact Lie group G with maximal torus T , the natural projection AT → AG will be
denoted by π. For any map between compact Lie groups φ : H → G, the map induced on the
moduli spaces will be denoted by φA : AH → AG.
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1. The elliptic group algebra
In this section, we fix terminology and notations about line bundles on abelian varieties and
theta-functions. Throughout this section, R is a commutative Noetherian ring.
1.1. The theta functions. Let E be an elliptic curve over a ring R. Let 0 : SpecR → E be the
zero section of the elliptic curve. Then the image of 0 is a codimension one subvariety, denoted by
{0}. Let O(−{0}) be the sheaf of ideas of this subvariety, hence O(−{0}) is a line bundle. Its dual
O(−{0})∨ has a natural section, denoted by ϑ. Let inv : E → E be the map sending any point to
its additive inverse. Then inv∗O(−{0}) ∼= O(−{0}), and the natural section ϑ is sent to −ϑ under
this isomorphism. In this sense, we say that ϑ is an odd function.
Example 1.1. Let E be the Tate elliptic curve over R = Q((q)), whose equation is given by
y2 + xy = x3 + a4(q)x+ a6(q)
with a4(q) = −5s3(q) and a6(q) = −5s3(q) + 7s5(q), such that sk(q) =
∑
n≥1
nkqn
1−qn . Then ϑ is the
Jacobi-theta function
ϑ(u) = u
1
2
∏
s>0
(1− qsu)
∏
s≥0
(1− qsu−1)
1
2πi
∏
s>0
(1− qs)−2.
When E is a complex elliptic curve, i.e., C quotient out by the lattice generated by 1 and some
τ ∈ C, then ϑ is also the Jacobi-theta function above, evaluated at u = e2πiz and q = e2πiτ . Here
z is the coordinate of the universal cover C.
Throughout this section, T will be a compact connected abelian (real) Lie group, i.e., T ∼= (S1)n,
where n is the rank of T . Let X∗(T ) be the group of characters of T , and X∗(T ) its dual. Let T
alg
be the algebraic group over R which classifies maps of abelian groups from X∗(T ) to Gm. Then T
alg
is a split algebraic torus over R, i.e., T alg ∼= Gnm. Let AT be the R-scheme that classifies maps of
abelian groups from X∗(T ) to E, which is an abelian R-variety. Equivalently, AT can be described
as the moduli scheme of stable fiber-wise topologically trivial principal T alg-bundles on the dual
elliptic curve E∨.
We have a canonical isomorphism AT ∼= E ⊗X∗(T ). Any character λ ∈ X∗(T ) induces a group
homomorphism χλ : AT → E. The subvariety kerχλ is a divisor of AT , whose ideal sheaf is the
line bundle O(− kerχλ) on AT . Clearly, we have O(− kerχλ) ∼= χ
∗
λO(−{0}). The natural section
of the line bundle O(− kerχλ)
∨ is denoted by ϑ(χλ), which, via the identification O(− kerχλ) ∼=
χ∗λO(−{0}), is equal to χ
−1
λ ϑ.
Choosing coordinates T ∼= (S1)n, we get a basis for X∗(T ), say λ1, · · ·λn, i.e., any λ ∈ X
∗(T ) can
be written as
∑n
i=1 niλi. The coordinates T
∼= (S1)n also induces an isomorphism AT ∼= E
n. For
any point x ∈ AT ∼= E
n, we can write xi ∈ E for its i-th coordinate, i.e., the image of x via the
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i-th projection En → E, i = 1, . . . , n. For any λ =
∑n
i=1 niλi, the morphism χλ : AT
∼= En → E is
given by x = (x1, . . . , xn) 7→
∑n
i=1 nixi ∈ E. Then ϑ(χλ) = ϑ(
∑n
i=1 nixi).
The map X∗(T ) → Pic(AT ), sending λ to O(− kerχλ), is not a group homomorphism. Instead,
we have the following.
Lemma 1.2. (1) For any characters λ1 and λ2 of T , the following diagram commutes
AT
χλ1×χλ2
//
χλ1⊗λ2
((P
PP
PP
PP
PP
PP
PP
PP
E × E
µ

E
where µ : E × E → E is the addition of E. Let AD be the subvariety of E × E consisting
of (x,−x) with x ∈ E, then O(− kerχλ1⊗λ2)
∼= (χλ1 × χλ2)
∗OE×E(−AD).
(2) The line bundle O(− kerχλ∨) is canonically isomorphic to O(− kerχλ). Via this isomor-
phism, ϑχλ∨ = −ϑχλ.
Let Rep(T ) be the free abelian group of virtual T -characters, i.e., Rep(T ) ∼= Z[X∗(T )]. It follows
from Lemma 1.2.(1) that the set map χ : X∗(T ) → Pic(AT ) induces a homomorphism of abelian
groups χ : Z[X∗(T )] → Pic(AT ), where Z[X
∗(T )] is considered as a free abelian group with the
additive structure.
Definition 1.3. For any λ ∈ Z[X∗(T )], we denote O(− kerχ(λ)) by Lλ. Let S˜ :=
⊕
λ∈Z[X∗(T )] Lλ.
Note that the group structure of Pic(AT ) makes S˜ into a sheaf of algebras on AT .
The theta function ϑ(χλ) is a section of L
∨
λ .
1.2. Looijenga’s ring of theta-functions. For any irreducible reduced root system R in a real
For any integer n, let E(n) be the n-th symmetric product En/Sn. The following lemma is clear.
Lemma 1.4. Let E(n−1) × E → E(n) × E be the map given by the product of the symmetrization
E(n−1) × E → E(n) and the projection to the second factor E(n−1) × E → E. The image of this
map is a divisor in E(n)×E, denoted by D. Let ι : E(n) → E(n)×E be the embedding into the first
factor. Then
ι∗O(−D) ∼= O(−C),
where C ⊆ E(n) is the divisor given by {{x1, · · · , xr} ∈ E
(n) | xi = 0 for some i}.
Let pi : E
n → E be the projection onto the i-th factor, and π : En → E(n) be the symmetrization
map. Note that the natural action of Sn on ⊗
n
i=1p
∗
iO(−{0}) fixes the fiber of 0 ∈ E
n. Hence, by
[Lo77], there is a natural isomorphism of line bundles
(
π∗(⊗ni=1p
∗
iO(−{0}))
)Sn ∼= O(−C) on E(n).
The section
∏n
i=1 ϑ(xi) of ⊗
n
i=1p
∗
iO(−{0})
∨ induces a natural section of O(−C)∨, denoted by ϑUn .
Let ρ : T → Ur be a representation of T . One has r characters of T , denoted by λ1, . . . , λr. Let
χρ : E
n → Er be the product of χλi . Its composition with E
r → E(r) is still denoted by χρ. Define
Lρ to be the pull-back of the line bundle O(−C) on E
(r) via the map χρ, and let ϑ(χρ) be the
section of L∨ρ on E
n which is the pull-back via χρ of the section ϑ
Ur of O(−C)∨ on E(r).
The following lemma is an easy consequence of Lemma 1.2. See also [GKV95, § 1.8].
Lemma 1.5. Let ρ1 : T → Ur1 and ρ2 : T → Ur2 be two representations of T . Let ⊕ : E
(r1) ×
E(r2) → E(r1+r2) be the symmetrization map, and let ⊗ : E(r1) × E(r2) → E(r1r2) be the map given
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by ({x1, . . . , xr1}, {y1, . . . , yr2}) 7→ {xi + yj}. Then the following diagrams commute
En
χρ1×χρ2
//
χρ1⊕ρ2
((❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
E(r1) ×E(r2)
⊕

E(r1+r2)
and
En
χρ1×χρ2
//
χρ1⊗ρ2
((❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
E(r1) ×E(r2)
⊗

E(r1r2).
Moreover, ϑ(χρ1⊕ρ2) = ϑ(χρ1)⊗ ϑ(χρ2) as sections of L
∨
ρ1⊕ρ2
∼= L∨ρ1 ⊗L
∨
ρ2 .
The following is a direct consequence of Definition 1.3 and Lemma 1.5.
Corollary 1.6. For any T -representation ρ : T → Ur, the theta function ϑ(χρ) is a section of the
sheaf S˜ on A′.
Proof. For each character λ of T , we know ϑ(χλ) is a section of a direct summand of S˜. Any
representation ρ : T → Ur decomposes into direct sum of characters of T . By Lemma 1.5, ϑ(χρ) is
the tensor of the theta-functions associated to these characters. Hence, ϑ(χρ) is a section of S˜. 
2. Lurie’s approach to T -equivariant cohomology
This section is a very brief reminder of Lurie’s survey [Lu09], adjusted to our purpose. We recall
Lurie’s existence theorem. We prove that the Atiyah-Bott-Berlin-Vergne localization theorem and
the Atiyah-Segel completion theorem are formal consequences of Lurie’s theorem. These are folklore
facts which are not in the literature. We also spell out the definition of Chern character in Lurie’s
theory, a version of which will be used later in this paper.
2.1. Derived schemes and equivariant cohomology theory. Recall that any E∞-ring spec-
trum A defines a cohomology theory, i.e., a contravariant functor from the category of topological
spaces to the category of graded commutative rings, sending anyX to
⊕
i∈ZHom(X,Σ
i
S1A). Denote
Ai(X) = Hom(X,ΣiS1A).
Definition 2.1. An E∞-ring spectrum A is said to be even if A
2i−1(pt) = 0 for any integer i, and
we say A is periodic if it is endowed with an invertible element p ∈ π2A.
IfA is periodic, then for any topological spaceX, multiplication by p ∈ π2A induces isomorphisms
Ai(X) ∼= Ai+2(X) for all i.
Let A be an E∞-ring spectrum. Then π0A is a commutative ring and πn(A) is a π0A-module. The
Zariski spectrum SpecA of A is a pair (Spec(π0A),OSpecA), where Spec(π0A) is the classical scheme,
and OSpecA is certain structure sheaf of E∞-ring spectra. A derived scheme X is a topological space
endowed with a sheaf of E∞-ring spectra OX , which is locally isomorphic to the Zariski spectrum
SpecA of some E∞-ring spectrum A (see [Lu09, § 2.2]). The underlying classical scheme of X is
denoted by X0. A morphism of derived schemes f : X → Y is a morphism of schemes X0 → Y0
together with a morphism of sheaves of E∞-ring spectra OY → f∗OX . Most of the notions from
scheme theory are defined in the derived setting as well, such as fiber product, flatness of morphisms,
quasi-coherent sheaves and coherent sheaves.
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If there is a morphism of derived schemes f : X → Y , we say that X is over Y , or X is a
Y -scheme. A commutative A-group is a flat A-scheme G endowed with the structure of a group-
object in the category of A-schemes. Its underlying scheme is denoted by G0. Let ΩE be the
sheaf of relative Ka¨hler differentials on G0 along the structure map G0 → Spec(π0A), and let ω be
the pull-back z∗ΩE along the identity section z : Spec(π0A) → G0. For any A-scheme S, denote
G(S) = HomA(S,G).
Definition 2.2. A pre-orientation of a commutative A-group G is an element in π2(G(A)). It
induces a morphism of π0A-modules β : ω → π2A. We say a pre-orientation is an orientation if G0 is
smooth of relative dimension one over Specπ0A, and β induces isomorphisms πnA⊗π0Aω → πn+2A
for any n.
Let T be a torus. Let AderT be the derived A-scheme which classifies maps of abelian groups from
X∗(T ) to G. We will denote its underlying classical scheme by AT . For example, when T = (S
1)n,
then AderT
∼= Gn. We say a topological T -space X is finite if the following property is satisfied:
there is a stratification
∅ = X0 ⊆ X1 ⊆ · · · ⊆ Xn = X
with Xi+1 = Xi
∐
(T/Ti)×Sk−1
((T/Ti) × D
k), where Ti is some closed subgroup of T , S
k−1 is the
(k − 1)-sphere, and Dk is the corresponding k-disk.
Theorem 2.3. [Lu09, Theorem 3.2] For each compact abelian Lie group T , there exists a con-
travariant functor FT from the category of finite T -spaces to the category of quasi-coherent sheaves
on AderT , satisfying the following properties:
(1) It maps T -equivariant homotopy equivalences to equivalences of quasi-coherent sheaves;
(2) For any fixed T , the functor FT maps finite homotopy colimits of T -spaces to homotopy
limits of quasi-coherent sheaves;
(3) FT (pt) = OAderT
;
(4) For any closed subgroup T ⊆ T ′, and T -space X, define X ′ = (X × T ′)/T with the induced
T ′-action. Then FT ′(X
′) = φA∗FT (X) where φA is the natural embedding A
der
T → A
der
T ′
induced by the inclusion φ : T → T ′.
One observes that FT (X) is automatically a sheaf of E∞-ring spectra on A
der
T , see [Lu09, § 3.4].
For any finite T -space X, we define F∗T (X) =
⊕
i∈Z F
i
T (X), a sheaf of graded commutative algebras
on the scheme AT with F
i
T (X) = πi(FT (X)). In particular, the non-equivariant theory F{1} is an
oriented cohomology theory in the classical sense.
Let X be a finite T -space, and let V be a T -vector bundle on X. Let Th(V ) be the Thom space,
i.e., the quotient of the disk bundle D(V ) by the sphere bundle S(V ). The following is the Thom
isomorphism Theorem.
Proposition 2.4. [Lu09, Proposition 3.2] Let V be a finite dimensional unitary representation of
T . Then
(1) the quasi-coherent sheaf FT (Th(V )) is a line bundle on A
der
T ;
(2) for any finite T -space X, the natural map FT (Th(V )) ⊗ FT (X) → FT (Th(V ) ×X) is an
equivalence.
Example 2.5. [Lu09, § 3.4] For simplicity, assume A is even and periodic. Let T = S1, and let V
be the 1-dimensional representation on which T acts by scaling. In this case, we have AderT
∼= G.
Also FT (Th(V )) is the homotopy fiber of the map FT (DV )→ FT (SV ). Since DV is contractible,
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FT (Th(V )) is the homotopy fiber of the following map of quasi-coherent sheaves on A
der
T :
OAderT
→ FT (SV ),
with FT (SV ) homotopy equivalent to the structure sheaf of the identity section of A
der
T . Therefore,
we can identify FT (Th(V )) with the ideal sheaf of the zero section of G. Via this identification,
the map FT (Th(V )) → OAderT
corresponds to the natural section of the line bundle FT (Th(V ))
∨
that vanishes of order one at the identity section of AderT .
In the rest of § 2, we deduce some formal consequences of Theorem 2.3.
2.2. Localization. First, we show that it follows from Lurie’s results that the T -equivariant co-
homology theory satisfies the Atiyah-Bott-Berline-Vergne localization theorem, and consequently
the stalks of the sheaf FT can be identified. The proof of the localization theorem in [BV97] for
singular cohomology goes almost non-changed in this setting. Nevertheless, for completeness we
include the proof here.
For any closed subgroup T ′ < T , we identify AT ′ with its image in AT . For any non-trivial
character χ : T → S1, let Tχ be the kernel of χ. We call the image of ATχ in AT the weight
hyperplane corresponding to χ.
Lemma 2.6. Let X be a finite T -space and Γ < T be a closed subgroup. Then the induced pull-back
i♯Γ : FT (X)→ FT (X
Γ) is an isomorphism outside a finite union of weight hyperplanes.
Proof. We start with the case when XΓ = ∅. We would like to show that FT (X) is supported on
a finite union of weight hyperplanes. By our assumption on X, we can write X as a finite union
∪ni=1Xi with each Xi admitting a T -equivariant map Xi → T/Γi for some closed subgroup Γi < T
that does not contain Γ. By Theorem 2.3.(4), FT (T/Γi) and hence FT (Xi) itself is supported on
the image of AΓi ⊆ AT , which is contained in some weight hyperplane (by lifting any non-trivial
character of T/Γi to T ). Therefore, FT (X) is supported on the union of these weight hyperplanes,
according to Theorem 2.3.(2).
In general, let U ⊃ XΓ be a T -invariant tubular neighbourhood of XΓ in X, and let Z = X \U so
that Z is a T -stable closed subset without Γ-fixed points. The support of FT (Z) is contained in a
finite union of weight hyperplanes, and outside this union, the natural restriction FT (X)→ FT (U)
is an isomorphism. 
For any a ∈ AT , let
(1) T (a) := ∩a∈AT ′T
′, ia : X
T (a) → X.
Theorem 2.7. Taking the stalks at the point a, the map i♯a induces an isomorphism FT (X)a →
FT (X
T (a))a.
Proof. It suffices to show that a does not belong to those weight hyperplanes constructed in the
proof of Lemma 2.6. However, for a to be contained in the hyperplane AΓi ⊆ AT , the subgroup Γi
has to contain T (a). This contradicts with the fact that the T (a)-action on X \XT (a) is fixed-point
free. 
As in [Ga12, § 2.2], we can calculate the stalk at every point. Let a ∈ AT be an A-point, i.e.,
it defines a map a : X∗(T ) → G(A). For any derived A-scheme S, the map a extends to a map
a : X∗(T ) → G(S). Since G is an A-group, the set Hom(X∗(T ),G(S)) is a (topological) abelian
group. In particular, translation by a induces an automorphism ta of Hom(X
∗(T ),G(S)), which
in turn amounts to an automorphism ta of A
der
T , still called the translation by a. For any finite
T -space X, the translation ta induces a map on stalks FT (X)a → FT (X)0.
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Corollary 2.8. For any a ∈ AT , we have FT (X)a ∼= FT (X
T (a))0.
Proof. It suffices to show that the map
FT (X
T (a))a → FT (X
T (a))0
induced by ta is an isomorphism. We have FT (X
T (a)) ∼= φ∗AFT/T (a)(X
T (a)), where φA : A
der
T →
AderT/T (a) is induced by the quotient φ : T → T/T (a). Naturally φA = φA ◦ ta, hence the statement
follows. 
2.3. Completion. Let {EnT | n ∈ N} be the Borel construction of classifying spaces, that is, a
system of finite T -spaces such that the T -actions are free, and each EnT is contractible in E
N
T for
N big enough. The following theorem is a generalization of the Atiyah-Segal completion theorem.
It is true for any periodic ring spectrum A. For simplicity, we assume further that A is even and
periodic.
Proposition 2.9. Let A be even and periodic. Assume FT (X) is a coherent sheaf on A
der
T . Let
I be the sheaf of ideals on AT corresponding to the identity point 1 ∈ AT . The natural map
F∗T (X)→ F
∗
T (X ×T E
n
T ) induces an isomorphism
F∗T (X)
∧
I
∼= lim
←
F∗(X ×T E
n
T ),
where the left hand side is the completion with respect to the I-adic topology.
Proof. We follow the original proof in [AS69, § 3]. First we prove this in the special case when
T = S1. Let EnT = SV
n where V n is an complex vector space of dimension n with S1-action by
scaling, and SV n is the unit sphere in V n. Let DV n be the unit disk. The Thom space Th(V n)
is the homotopy cofiber of the inclusion SV n → DV n. Then there is a long exact sequence of
coherent sheaves on AT :
→ F iT (X ×T Th(V
n))→ F iT (X ×T DV
n)→ F iT (X ×T SV
n)→ F i+1T (X ×T Th(V
n))→ .
By Proposition 2.4 and Example 2.5, the second map in the sequence above can be identified with
F iT (X)⊗AT L
n → F iT (X) given by the natural section ϑ
−n of the line bundle L−n on AT . Note that
the image of ϑ−1 in OAT defines the ideal sheaf I, so the cokernel of ϑ
−n : F iT (X) ⊗ L
n → F iT (X)
is isomorphic to F iT (X)/(I
n). Denote the kernel of ϑ−n by F in ⊂ F
i
T (X×T Th(V
n)). We then have
a short exact sequence
0→ F iT (X)/(I
n)→ F iT (X ×T SV
n)→ F i+1n → 0.
To prove the lemma, we need to show the existence of βk in the following diagram for some k
0 // F iT (X)/(I
n+k) //

F iT (X ×T SV
n+k) //

βkuu❧ ❧
❧
❧
❧
❧
❧
F i+1n+k
θ−k

// 0
0 // F iT (X)/(I
n) // F iT (X ×T SV
n) // F i+1n // 0.
Since F iT (X) is coherent, F
i
n stabilizes for n large enough. So ϑ
−k annihilates F in+k for n large
enough, and βk exists.
By the induction argument in [AS69, § 3, Step 2], the completion theorem for general torus T
can be reduced to the case when T = S1. This finishes the proof. 
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2.4. The Chern character. Recall that an orientation on the A-group G makes the cohomol-
ogy theory defined by the spectrum A into an oriented cohomology theory in the classical sense.
Equivalently, it implies that for any proper map f : X → Y , there is a push-forward
fA : A
∗(X)→ A∗(Y )
which is a morphism of A∗(Y )-modules. Moreover, there is an associated formal group law F (u, v) ∈
A∗(pt)[[u, v]] determined by
cA1 (L1 ⊗ L2) = F (c
A
1 (L1), c
A
1 (L2)), where L1,L2 are line bundles over X,
where cA1 is the first Chern class in the cohomology theory A. Assuming A
∗(pt) is a Q-algebra,
the formal group law associated to A has an exponential lA(t) ∈ A
∗(pt)[[t]], that is characterized by
F (u, v) = lA(l
−1
A (u)+ l
−1
A (v)). This exponential induces a natural isomorphism between A
∗ and H∗
as functors to the category of graded commutative rings, denoted by chA, called the non-equivariant
Chern character. It is determined by the following property: for any compact smooth manifold
X, the ring homomorphism chA : A∗(X) → H∗(X;A∗(pt)) sends cA1 (L) to lA(c
H
1 (L)) for any line
bundle L over X.
Moreover, there is a Riemann-Roch type theorem. For any line bundle L on a smooth manifold
X, define TdA(L) =
cH1 (L)
lA(cH1 (L))
∈ H∗(X;A∗(pt)), or more generally, for any rank-n vector bundle V
on X with Chern roots {x1, . . . , xn}, define TdA(V ) =
∏
i
xi
lA(xi)
.
Theorem 2.10. For any proper map f : X → Y between smooth manifolds, let Tf be the relative
tangent bundle. We have, for any α ∈ A∗(X),
chA(fA(α)) = fH(α · TdA(Tf)).
For any a ∈ AT , we define the localized Chern character at a, denoted by ch
A
a , to be the following
composition
F∗T (X)a i∗
∼=
// F∗T (X
T (a))a
∼=
ta
// F∗T (X
T (a))0 // lim
←
F∗(XT (a) ×T E
n
T )0
∼=
chA
// lim
←
H∗(XT (a) ×T E
n
T ;A
∗(pt))0
where the third map induces an isomorphism on completion by Proposition 2.9.
Summarizing the discussions above, we have the following
Corollary 2.11. Assume that A∗(pt) is a Q-algebra, and let chAa : F
∗
T (X)a → H
∗
T (X
T (a);A∗(pt))
be the localized Chern character as above. Then it induces an isomorphism on the completion
F∗T (X)
∧
a
∼= H∗T (X
T (a);A∗(pt))∧0 .
3. Equivariant elliptic cohomology theory
In this section, we collect some basic notions, constructions and properties of equivariant el-
liptic cohomology from [Lu09] and [GKV95]. We do not claim anything original in this section.
Nevertheless, in § 3.5, we show a push-forward formula in equivariant elliptic cohomology which
previously was not known in the present generality, although a form of it can be fond in [Ga12].
3.1. Construction of oriented derived elliptic curves. Now we specify the set-up in which
we would like to apply Lurie’s machinery. Let S = SpecR be an arbitrary (classical) affine scheme,
with an elliptic curve E → S over S. Let 0 : S → E be the zero section, ΩE is the sheaf of relative
Ka¨hler differentials on E, and ω = 0∗(ΩE).
Definition 3.1. [GKV95, (1.8.1)] A local coordinate of E consists the following data:
(1) a line bundle Π on E;
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(2) an isomorphism 0∗Π
∼
−→ 0∗ΩE;
(3) a rational section l of the bundle Π, such that l vanishes along the zero section 0(S),
and under the map d : Π → Π ⊗ ΩE we have d(l)|0(S) = idΠ |0(S) via the identification
0∗Π ∼= 0∗ΩE.
Note that ω is a locally free sheaf of modules of rank one over R. The rational section l of Π in-
duces a formal group law on
⊕
iH
0(S, ω⊗i), which is a power series F (x, y) = x+y+
∑
i+j≥2 aijx
iyj
with aij ∈ H
0(S, ω⊗i+j−1), determined by the equality
l(u+ v) = F (l(u), l(v))
in the formal completion of E along the zero section. Here the identification of the formal completion
of E with
⊕
iH
0(S, ω⊗i)[[u, v]] is given by the fixed isomorphism 0∗Π→ 0∗ΩE.
Proposition 3.2. Assume F is Landweber exact (e.g., see [Lu09, p.6]). Then there is an even
and periodic E∞-ring spectrum A such that π2nA ∼= ω
−n, and there is an oriented A-group E with
underlying scheme E and the orientation ω−1 → π2A ∼= ω
−1 is the identity map.
The oriented A-group E is called a derived elliptic curve. The proposition follows directly from
a theorem due to Goerss, Hopkins, and Miller, reformulated in [Lu09, Theorem 1.1].
Proof. By base change, the elliptic curve E → SpecR extends to an elliptic curve on
⊕
n∈Z ω
n.
This family endows Spec(
⊕
n∈Z ω
n) with a map toM1,1, the (open) moduli stack of elliptic curves.
This map is flat if and only if F is Landweber exact. Therefore, by [Lu09, Theorem 1.1], there is
an even and periodic E∞-ring spectrum A representing a multiplicative cohomology theory whose
coefficient ring π∗A is
⊕
n∈Z ω
n. The derived elliptic curve is obtained in a similar way by composing
the map E →
⊕
n∈Z ω
n and Spec(
⊕
n∈Z ω
n)→M1,1. 
Remark 3.3. (1) The Landweber exactness assumption is always satisfied, for example, when
R = π0A is an algebra over a field of characteristic zero.
(2) The ring spectrum A obtained this way is automatically periodic with periodicity given by
0∗l ∈ H0(S, ω) = π2A.
(3) The structure of the homotopy commutative ring spectrum is easy to describe in concrete
terms. Let U ⊂ E be an affine open subset. Then on
⊕
i∈Z(OU ⊗OS ω
i) there is a formal
group law coming from that on
⊕
i∈Z ω
i, which is Landweber exact. Therefore, by Go-
erss, Hopkins, and Miller’s interpretation of Landweber exactness theorem, the graded ring⊕
i∈Z(OU ⊗OS ω
i) is the homotopy group of some commutative ring spectrum. One can
easily check that this construction is compatible with localization to principal affine open
subsets of U , hence we obtain a sheaf of ring spectra on E.
In the remaining part of this paper, we always assume the ring spectrum A comes from a local
coordinate of a classical elliptic curve over A, and the oriented derived elliptic curve E is given by
Proposition 3.2.
3.2. Equivariant elliptic cohomology theory. For any connected compact Lie group G, let
Galg be the corresponding algebraic reductive group with maximal algebraic torus T alg ⊃ T . There
is a derived scheme AderG , whose underlying scheme AG is the moduli space of stable topologically
trivial Galg-bundles on E∨. For example, if G = T is a torus of rank n, then AderT = E
n.
we consider E and A satisfying the following.
Assumption 3.4. For each connected compact Lie group G, there is a contravariant functor EG
from the category of G-spaces to the category of quasi-coherent sheaves on AderG , satisfying the
following properties:
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(1) EG maps homotopy equivalences to equivalences of quasi-coherent sheaves.
(2) EG maps homotopy colimits of G-spaces to homotopy limits of quasi-coherent sheaves.
(3) For an embedding of compact Lie groups φ : H →֒ G, and finite H-space X, we have the
following equivalence
IndGH : EG((X ×G)/H)
∼= φA∗EH(X),
where φA : A
der
H → A
der
G is induced by the embedding.
(4) Let φ : H → G be a group homomorphism, and let X be a G-space. Then X also has
an action of H via φ. Let φA : A
der
H → A
der
G be the induced morphism. Then we have a
canonical isomorphism φ∗A(EG(X))
∼= EH(X).
(5) When G = T is a torus, ET is the same functor in Theorem 2.3.
Remark 3.5. (1) It follows from Assumption 3.4.(3) that EG(pt) = OAderG
.
(2) The existence of the functors EG for (non-abelian) compact Lie group G is announced in
[Lu09, § 5.1]. The properties (1), (2), and (3), on the level of global sections, are stated in
[Lu09, Proposition 3.3].
(3) If π0A is a Q-algebra, for any connected compact Lie group G and any finite G-space X,
we define EG(X) to be the W -invariants in π∗ ET (X) where π : A
der
T → A
der
G is the quotient
map. Then, the assignment sending a finite G-space X to EG(X) satisfies Assumption 3.4.
Indeed, the only possibly non-trivial statement is Assumption 3.4(3), the proof of which
can be found in [Ga12, Theorem 4.6].
It is reasonable to expect that Assumption 3.4 is satisfied for any oriented elliptic curve, but this
statement is not in the literature. Proving this is the beyond the scope of this paper. However, in
the setting where we apply equivariant elliptic cohomology, π0A is always a Q-algebra. Therefore,
by Remark 3.5(3), Assumption 3.4 is always satisfied.
As is shown in [GKV95], Assumption 3.4(3), which is a property about induction, implies the
following property of change of groups. (See also [Ga12, Proposition 5.1].)
Corollary 3.6. Under Assumption 3.4, let X be a finite G-space, and let K be a normal subgroup
of G such that K acts on X freely. Then
EG(X) ∼= φ
∗
A EG/K(X/K)
where φA : A
der
H → A
der
G is induced by the quotient φ : G→ G/K.
Proof. By cellular induction, we only need to show this when X = G/H for some closed subgroup
H < G. The assumption that K acts freely on X implies that the natural map ψ : H → G→ G/K
is an embedding. We have (G/H)/K ∼= (G/K)/H. Hence, by Assumption 3.4(3), we obtain
EG/K((G/H)/K) ∼= EG/K((G/K)/H) ∼= ψA∗ EH(pt)
, where ψA : AH → AG/K is the natural embedding. Applying Assumption 3.4(3) again to the
embedding H < G and the H-space pt, we conclude the proof. 
For any G-space X, we define E∗G(X) =
⊕
i∈Z E
i
G(X), a sheaf of graded commutative algebras
on the scheme AG with E
i
G(X) = πi(EG(X)). In particular, E
0
G(X) is a quasi-coherent sheaf of
commutative algebras on AG. Define
AXG = SpecAG
E0G(X)
which is a scheme over AG. The structure morphism A
X
G → AG is denoted by π
G
X , or simply πX if
G is understood from the context.
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Example 3.7. Take Π = ΩE, then a local coordinate of E amounts to a rational section l of ΩE .
In this case, we can identify E iG(X) with E
i−2
G (X) ⊗ ω
−1. If X ∼= Cn, then E iG(X) = 0 for odd i.
3.3. The GKV-classifying maps. We recall the GKV-classifying map defined in [GKV95, (1.6)].
Let X be a G-space. For any G-vector bundle V of rank n, let Fr → X be the associated frame
bundle. The group G×Un acts on Fr, so A
Fr
G×Un
is a scheme over AG×Un , which in turn is a scheme
over AUn
∼= E(n). By Corollary 3.6, there is an isomorphism AFrG×Un
∼= AXG . These maps fit into the
following commutative diagram
AFrG×Un
//
∼=

AG×Un
//

AUn
AXG
// AG.
The induced map cV : A
X
G → AUn is called the GKV-classifying map.
Example 3.8. Let G = {1}, and X = P1 with the tautological line bundle L = O(−1) on it,
so that the total space, with the zero section removed, is isomorphic to A2 − {0}. Let S1 act on
A2 − {0} by weight n ∈ Z≥0, so that L is an S
1-line bundle with respect to the trivial S1-action
on P1. This line bundle will be denoted by ǫn. We would like to see for different n what the
GKV-classifying maps cǫn : A
P1
1 → AS1
∼= E are.
By construction, we have AP
1
1
∼= A
A2−{0}
S1
= Spec(E0S1(A
2 − {0})). By Corollary 2.8, the stalk
of E0S1(A
2 − {0}) is zero away from the origin, and is nilpotent at the origin, hence the stalk is
isomorphic to its completion at the origin. In particular, when n = 1, the map cǫ1 identifies A
A2−{0}
S1
with the Zariski tangent space of E at the origin; and when n = 0, cǫ0 is constant.
As in [GKV95, (1.9)], one can define the characteristic classes in equivariant elliptic cohomology
as follows. Let P < Un be the parabolic subgroup such that Un/P = P
n. Then the projectivization
P(V ) is isomorphic to Fr/P . By Corollary 3.6, there is an isomorphism AFrG×P
∼= A
P(V )
G , which is a
scheme over AP ∼= AUn−1×S1
∼= E(n−1) × E.
Lemma 3.9. We have a commutative diagram
A
P(V )
G
∼=
//

AFrG×P
//

AP

∼=
// E(n−1) × E

AXG
∼=
// AFrG×Un
cV
// AUn
∼=
// E(n),
where the right vertical map is the symmetrization defined in Section 1. Moreover,
(1) the middle square is Cartesian;
(2) the inclusion A
P(V )
G
∼= AXG ×E(n) (E
(n−1) × E) ⊆ AXG × E is the embedding of a divisor.
The map A
P(V )
G → E
(n−1)×E will be denoted by cP(V ), and called the GKV projective classifying
map.
Proof. Claim (1) is clear.
The natural map AXG ×E(n) (E
(n−1) ×E) ⊆ AXG ×E is the pull-back of the natural map ⊕× id :
E(n−1) × E → E(n) × E. The later map is a well-defined embedding of a divisor, hence, so is the
former one. 
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3.4. The Thom isomorphism Theorem and Chern classes.
Definition 3.10. [GKV95, § 2.1]Let X be a finite G-space, and V a G-vector bundle. The subset
A
P(V )
G ⊂ A
X
G ×E is a divisor. Let O(−A
P(V )
G ) be its ideal sheaf. Define ΘG(V ) to be the line bundle
on AXG which is the the pull-back of O(−A
P(V )
G ) along the map A
X
G → A
X
G × E, x 7→ (x, 0). If G is
understood, we simply abbreviate ΘG(V ) as Θ(V ).
Example 3.11. When G = T and X = pt, then Θ(V ) is isomorphic to E0T (Th(V )) as quasi-
coherent sheaves on AT , which is also equal to O(− kerχλV ) defined in Section 1, where λV ∈
Z[X∗(T )] is the character of the T -representation V .
Example 3.12. When G = Un, X = pt, and the vector bundle ξn is the standard n-dimensional
representation of Un, by Lemma 1.4, Θ(ξn) = O(−C). Moreover, ϑ
Un =
∏n
i=1 ϑ(xi) is the natural
section of Θ(ξn)
∨.
Proposition 3.13. For arbitrary G-space X,
(1) for any rank-n G-vector bundle V on X, we have ΘG(V ) ∼= c
∗
VΘUn(ξn), and under this
isomorphism, c−1v ϑ
Un is identified with the natural section of ΘG(V )
∨.
(2) For any two G-vector bundles V1 and V2, we have a natural isomorphism
Θ(V1 ⊕ V2) ∼= Θ(V1)⊗Θ(V2);
(3) The assignment sending any G-vector bundle V to the line bundle Θ(V ) on AXG extends to
a group homomorphism Θ : KG(X)→ Pic(A
X
G ).
Proof. Claim (1) follows from the definition.
Claim (2) follows directly from Lemma 1.5 and Remark 3.13.
Claim (3) follows from (2). 
For any G-vector bundle V , let Th(V ) = D(V )/S(V ) be the Thom space, which is a finite
G-space over X. The group G acts on Th(V ), hence A
Th(V )
G is a scheme over AG. The following is
the Thom isomorphism in the equivariant elliptic cohomology.
Theorem 3.14 ([GKV95], (2.1.3)). Let V be an G-vector bundle. There is a canonical isomorphism
πX∗Θ(V ) ∼= E
0
G(Th(V )) making the following diagram commutative
πX∗Θ(V ) //
∼=

πX∗OAXG
E0G(Th(V ))
// E0G(X).
Here E0G(Th(V ))→ E
0
G(X) is the pull-back via the embedding X → Th(V ).
As a corollary, we have the following property about change of groups.
Corollary 3.15. Let X be a finite G-space, with a G-vector bundle V . Let φ : H → G be a group
homomorphism, and let φAX : A
X
H → A
X
G be the induced morphism. Then there is an isomorphism
ΘH(V ) ∼= φ
∗
AX
ΘG(V ) of line bundles on A
X
H .
Let q : X → Y be a proper morphism between two smooth G-manifolds, and let Tφ be the
virtual vector bundle q∗TY −TX on X. There is a push-forward morphism q♯ : Θ(Tq)→ q
∗
A E
0
G(Y )
of sheaves on AXG (see also [GKV95, § 2.3]). By adjunction, we also have the morphism qA∗Θ(Tq)→
E0G(Y ) , still denoted by q♯, which is characterized by the following two properties:
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(1) For any G-equivariant regular embedding q : X → Y , we have NXY = Tq, and the push-
forward is the composition of the Thom isomorphism E0G(X)⊗Θ(Tq)
∼= E0G(Th(q)) and the
pull-back E0G(Th(q))→ E
0
G(Y ), where Th(q) is the homotopy cofiber of the map q : X → Y .
(2) Let V be a representation of G and let SV be its unit sphere. The push-forward of the
natural projection q : SV ×X → X is induced by E∗G(SV ×X)
∼= Θ(V )⊗ E∗G(X).
As the push-forward is defined up to a twist by an explicit line bundle, we have two different
notions of Chern classes in equivariant elliptic cohomology, coming from the orientation of the
elliptic curve and the Thom isomorphism respectively. In the terminology of [GKV95], they are
called the Chern classes and the Euler class, respectively.
Let f be any rational section of ΩE on E (not necessarily a local coordinate of E). For any
G-vector bundle V , define the i-th f -Chern class cfi (V ) of V to be c
−1
V (ei(f)) as a rational section
of E0G(X) ⊗ ω
−i ∼= E2iG(X). Here for any i ≥ 0, ei is the i-th elementary symmetric function, and
ei(f)(x1, . . . , xr) := ei(f(x1), . . . , f(xr)) is a section of the line bundle (Π
∨)⊗−i on E(r).
On the other hand, define the Euler class
e(V ) = c−1V (ϑ
Un) ∈ H0(AXG ,Θ(V )
∨) ∼= H0(AXG , c
∗
VΘUn(ξn)
∨).
It follows from the Thom isomorphism Theorem that e(V ) is equal to z♯ : Θ(V ) → E
0
G(X) where
z : X → V is the zero section.
Example 3.16. If the G-action on X is free, then e(V ) is the usual theta function. On the other
hand, if the G-action on X is trivial, then e(V ) = cl1(V ) where (Π, l) is a local coordinate of E in
the sense of Definition 3.1.
Lemma 3.17 ([GKV95], (2.9.2)). Let T be a torus, and let a ∈ AT be an R-point. Let T (a) < T
be as in (1), and let
ia∗ : πXT (a)∗Θ(T (X
T (a)))∨ → πX∗Θ(TX)
∨
be the push-forward induced by the inclusion ia : X
T (a) → X. Then, ia∗ is given by multiplication
by e(TXT (a)X), which is compatible with the push-forward induced by the inclusion T (a) → T (a
′)
for a, a′ ∈ AT , and is invertible on a Zariski open subset of AT containing a.
3.5. The Quillen-Weyl-Kac formula. To illustrate the Thom bundles and the push-forwards,
we prove the formula for push-forward in equivariant elliptic cohomology from a projective bundle,
which will be used later. Let V → X be a rank-n G-vector bundle. Let p : P(V ) → X be the
projection. Recall that
A
P(V )
G
cP(V )
//

AP

AXG
cV
// AUn
is a Cartesian square. We describe the Thom bundle Θ(Tp) of the relative tangent bundle as follows.
Let cTp : E
(n−1) × E → E(n−1) be the map ((y1, . . . , yn−1), yn) 7→ (y1 − yn, . . . , yn−1 − yn). The
pullback of the natural section
∏n−1
i=1 ϑ(xi) of the line bundle Θ(ξn−1)
∨ is equal to
∏n−1
i=1 ϑ(yi − a),
as a section of c∗TpΘ(ξn−1)
∨. The Euler class e(Tp) is the section c−1
P(V )(
∏
i∈[1,n−1] ϑ(yi− yn)) of the
line bundle Θ(Tp)∨ ∼= c∗P(V )c
∗
TpΘ(ξn−1)
∨. As sheaves on E(n) we have E0G(P(V ))
∼= E0G(X) ⊗OE(n)
O(E(n−1) × E). So we can write any local section f of E0G(P(V )) as a function on E valued in
ELLIPTIC AFFINE HECKE ALGEBRAS 17
E0G(X). By Theorem 2.4, the push-forward p♯ : E
0
G(P(V ))→ p
∗
AE
0
G(X)⊗Θ(Tp)
∨ is given by
f 7→
f(−yn)∏n−1
i=1 c
−1
P(V )ϑ(yi − yn)
.
To summarize, we have the following Quillen-Weyl-Kac formula.
Proposition 3.18. Let V → X be a rank-n G-vector bundle with p : P(V ) → X the projection.
The push-forward p♯ : pA∗Θ(Tp)→ E
0
G(X) is given by
(2)
n−1∑
i=1
(i, n)
f(−yn)∏n−1
j=1 c
−1
P(V )ϑ(yj − yn)
for any local section f of pA∗Θ(Tp). Here (i, n) ∈ Sn is the transposition.
An illustrating example of this formula will be given in Lemma 5.3.
Let G = SU2 ⊂ G
C = PGL2(C) acting on A
2 in the natural way. We identify P1 with P(A2),
and T with S1 whose action on A2 has weights −α/2 and α/2. The projection P1 → pt will be
denoted by p. Let pi : P
1 × P1 → P1 be the i-th projection, for i = 1, 2.
Lemma 3.19. We have the following formula for p1♯p
♯
2 : Θ(Tp)→ OAP1G
:
p1♯p
♯
2 (σ) =
sασ(x)
ϑ(−χα)
+
σ(x)
ϑ(χα)
.
Proof. Write the coordinate of AG(P(A
2)) ∼= AT (pt) ∼= E as (x). The sα-action on AG(P(A
2))
sends (x) to (−x). The fact that the T -action on A2 has weights −α/2 and α/2 implies that the
GKV projective classifying map cP(A2) : E → E × E sends x to (−x, x).
Recall that we have a natural isomorphism
AG(P
1) ∼= E → (E/S2)×E(2) (E × E)
with the map E → (E/S2) × (E × E) given by x 7→ (x, (−x, x)). By our convention, we write
the coordinates of the E × E-factor as (y1, y2). We consider any local section σ of E
0
T (P
1) on
(E/S2) × (E × E) as a O((E/S2) × E-valued function σ(y2) in the variable y2 ∈ E. Note that
the map E → (E/S2) ×E(2) (E × E) induces an isomorphism from E to the last E-factor in
(E/S2)× (E×E). In particular, in the Quillen-Weyl-Kac formula y2 can be substituted by x, and
y1 can be substituted by −x. The Quillen-Weyl-Kac formula (2) yields
p1♯
(
p♯2σ
)
=
(
σ(−x)
ϑ(x−α/2 − χα/2)
+
σ(x)
ϑ(χα/2 − x−α/2)
)
=
(
sασ(x)
ϑ(−χα)
+
σ(x)
ϑ(χα)
)
.

3.6. Convolution with Lagrangian correspondences. Now we briefly recall that convolution
with Lagrangian correspondences defines an associative algebra. For details, we refer to [GKV95,
§ 2.8].
Let Mi be smooth G-manifolds, for i = 1, 2. Let Ni = T
∗Mi, endowed with G-action such that
Ni →Mi is equivariant. Let Z ⊆ T
∗(M1 ×M2) be a regular embedding of G-invariant subvariety,
not necessarily smooth or Lagrangian. With notations
M1 T
∗M1
b1
oo Z
pr1
oo
pr2
// T ∗M2 M2,
i2
oo
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then the line bundle
ΞG(Z) := Θ(pr2)⊗Θ(pr
∗
1 b
∗
1N1)⊗Θ(pr
∗
2 b
∗
2N2)
−1
on AZG defines a map
πZ∗ΞG(Z)→ H omAG(πM1∗Θ(N1)
−1, πM2∗Θ(N2)
−1).
Lemma 3.20. Then ΞG(Z) ∼= ΘZ(N1 ×N2)⊗Θ(pr
∗
1 b
∗
1N1)
−1 ⊗Θ(pr∗2 b
∗
2N2)
−1
Proof. By definition, pr2 is the composition i : Z →֒ N1 ×N2 and pro2 : N1 ×N2 → N2. Hence
Θ(pr2)
∼= ΘZ(N1 ×N2)⊗Θ(pr
∗
1 TN1)
−1.
We have that TN1 is an extension between TM1 and N1, considered as G-vector bundles on M1.
Therefore, Θ(TN1)
−1 ∼= Θ(TM1)
−1 ⊗ Θ(N1)
−1. Plug it in to the definition of ΞG(Z), we get the
conclusion. 
Lemma 3.21 ([GKV95], (2.8.4), (2.8.5)). Let M3 be a smooth G-manifold, and N3 = T
∗M3, and
Z ′ ⊆ N2 ×N3 be a closed subvariety. Then
(1) The composition of actions lifts to a morphism
πZ∗ΞG(Z)⊗ πZ′∗ΞG(Z
′)→ πZ◦Z′∗ΞG(Z ◦ Z
′)
which is associative in the usual sense.
(2) When M1 =M2 =M and Z ◦Z = Z, then πZ∗ΞG(Z) is a sheaf of algebras and πM∗E
0
G(N)
on AG is a representation of it.
As a consequence of Corollary 3.15, we have the following property about change of groups.
Corollary 3.22. Notations as above, let φ : H → G be a group homomorphism. Let φA : AH →
AG be the induced morphism. Then there is an isomorphism π
H
Z∗ΞH(Z)
∼= φ∗A(π
G
Z∗ΞG(Z)), which
commutes with convolution.
In particular, if N1 and N2 are both endowed with trivial G-actions, then there is an isomorphism
πTZ∗ΞT (Z)
∼= p∗AT (E(Z)) where pAT is the projection AT → pt.
Let T be a torus, and let a ∈ AT be an R-point. Let T (a) < T be as (1). The inclusion
i : ZT (a) →֒ ZT induces
(3) i♯ : ΘT (N1 ×N2)→ iA∗ΘT (a)(N
T (a)
1 ×N
T (a)
2 ).
Assumption 3.23. Let ξ be a 1-dimensional representation of G, and assume the G-action on
the fiber direction of T ∗Mi is given by the induced action on Mi twisted by ξ. Assume Z is a
Lagrangian subvariety.
As a consequence of Lemma 3.17, under Assumption 3.23, multiplication by e(T
M
T (a)
1
M1)
−1 ⊗
e(T
M
T (a)
2
M2)
−1 is a well-defined rational morphism of sheaves
(4) Θ(pr∗1 b
∗
1T
∗M
T (a)
1 )⊗Θ(pr
∗
2 b
∗
2T
∗M
T (a)
2 )→ Θ(pr
∗
1 b
∗
1TM1)⊗Θ(pr
∗
2 b
∗
2T
∗M2)
on AT , which is regular and invertible on a Zariski open subset containing a.
Proposition 3.24 ([GKV95], (2.10.3)). Under Assumption 3.23, let
ρa : π
T
Z∗ΞT (Z)→ π
T
ZT (a)∗ΞT (Z
T (a))
be the rational morphism which is the composition of (3) and (4). The following is true.
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(1) There is a Zariski open subset of AT containing a, the restriction of ρa on which is regular
and invertible. In particular, ρa is invertible on the stalks over a ∈ AT .
(2) ρa commutes with the convolution.
Let φ : T → T/T (a) be the quotient and let φA : AT → AT/T (a) be the induced map. By
Corollary 3.22, we have an isomorphism
πT
ZT (a)∗ΞT (a)(Z
T (a)) ∼= φ∗Aπ
T/T (a)
ZT (a)∗
ΞT/T (a)(Z
T (a)),
which commutes with convolution. When T (a) = T , AT/T (a) is SpecR and ΞT/T (a)(Z
T (a)) is
E0{1}(Z
T (a)) as R-modules. Summarizing Corollary 3.22 and Proposition 3.24, we get the following
bivariant Riemann-Roch theorem. Let Ra be the skyscraper sheaf at the R-point a ∈ AG.
Theorem 3.25. Assume a ∈ AT is such that T (a) = T . Then morphism
πZ∗ΞG(Z)⊗OAG Ra → E
0
1 (Z
T (a)) ∼= H∗(Z
T (a);R)
induced by ρa is an isomorphism, and commutes with convolution. If Z ◦ Z = Z, then the above
map is an isomorphism of algebras.
Here, H∗(Z
T (a);R) is the Borel-Moore homology with R-coefficients, endowed with the convolu-
tion product, and the isomorphism E01 (Z
T (a)) ∼= H∗(Z
T (a);R) is the usual bivariant Riemann-Roch
Theorem (see also [ZZ14, Corollary 5.8]).
4. The elliptic affine Hecke algebra: the algebraic construction
In this section, we recall the definition of the elliptic affine Demazure algebra and the elliptic affine
Hecke algebra. We prove some basic properties about the structures of these algebras. Throughout
this section we assume that R is an integral domain, unless otherwise stated.
4.1. The elliptic affine Hecke algebra. We recall the notion of root datum following [SGA3,
Exp. XXI, § 1.1]. A root datum is a lattice Λ, a non-empty Σ ⊂ Λ subset, together with an
embedding Σ →֒ Λ∨, α 7→ α∨ where Λ∨ is the dual of Λ. An element in Σ is called a root, and the
sub-lattice Λr of Λ generated by Σ is called the root lattice. The set Λw = {w ∈ Λ⊗ZQ | 〈ω,α
∨〉 ∈
Z} is called the weight lattice. One can similarly define the dual weight lattice Λ∨w. The rank of Λ
is called the rank of the root datum. A root datum is irreducible if it is not a direct sum of two
non-trivial root data, and is called semi-simple if Λr ⊗Z Q = Λ⊗Z Q. We always assume that the
root datum is semi-simple. A root datum is said to be adjoint (resp. simply connected) if Λ = Λr
(resp. Λ = Λw).
A subset Φ = {α1, ..., αn} ⊆ Σ is called a set of simple roots if it is a basis of Λr. A choice
of Φ leads to a decomposition of Σinto a disjoint union of negative and positive roots Σ− ∪ Σ+.
The automorphism Λ→ Λ : λ 7→ λ− 〈λ, α∨〉α determined by α ∈ Σ is called the simple reflection
determined by α, denoted by sα. The Weyl groupW is the subgroup of Aut(Λ) generated by all the
simple reflections. For αi ∈ Φ, denote si = sαi . The Weyl group is also generated by {si | αi ∈ Φ}.
For each w ∈W , define Σ(w) = wΣ− ∩Σ+.
We now recall the definition of the elliptic affine Hecke algebra given in [GKV97]. Let Γ be a
free abelian group of rank one, and let E be an elliptic curve over a commutative ring R. Consider
A := E⊗Z(Γ⊕Λ
∨) ∼= En+1, which is an abelian variety. Each group homomorphism λ : Γ⊕Λ∨ → Z
extends to a map of abelian varieties χλ : A→ E = E⊗ZZ. In particular, each α ∈ Σ defines a map
of abelian varieties χα. Let D
α be the divisor of A defined by the kernel of χα. Let γ : Γ⊕Λ
∨ → Z
be a group homomorphism which is zero on Λ∨ and isomorphism on Γ. Let Dα,γ be the divisor on
A defined by the kernel of χα − χγ . We have , D
α = D−α, and w(Dα) = Dw
−1(α). The action of
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the Weyl group W on Λ∨ naturally extends to an action on A. Let π : A→ A/W be the quotient,
and S := π∗OA on A/W . There is a natural action of W on the sheaf S. Define SW := S ⋊W , a
coherent sheaf of associative algebras. Note that S is a sheaf of modules over SW . On any open
subset, sections of SW coming from elements in W will be denoted by δw. For any root α ∈ Σ, we
write δα = δsα .
Let Ac := (A\(∪α∈ΣD
α))/W , and let j : Ac →֒ A/W be the inclusion. The action of SW on S
induces a morphism ρ : SW |Ac → E nd(S|Ac). Applying j∗, we get a morphism
j∗ρ : j∗(SW |Ac/W )→ j∗ E nd(S|Ac/W ).
Let p : E nd(S)→ j∗ E nd(S|Ac) be the right adjoint to the natural map j
∗ E nd(S)→ E nd(S|Ac).
Definition 4.1. We define D̂ to be (j∗ρ)
−1 (p(E nd(S)), as a quasi-coherent subsheaf of algebras
of j∗(SW |Ac/W ).
We consider local sections of j∗(SW |Ac) written as
∑
w∈W fwδw where fw are local sections of
j∗(S|Ac/W ), satisfying the following conditions.
R1 for any root α and w ∈W , each fw has a pole of order at most one along the divisor D
α;
R2 for any root α and w ∈ W , the residues of fw and fsαw along the divisor D
α differ by a
negative sign;
R3 for any α ∈ Σ(w), fw vanishes along the divisor D
α,γ .
Definition 4.2. [GKV97, Definition 1.3] The elliptic affine Demazure algebra D is defined to be
the quasi-coherent subsheaf of j∗(SW |Ac) whose local sections satisfy conditions R1 and R2. The
elliptic affine Hecke algebra H is defined to be the quasi-coherent subsheaf of D whose local sections
satisfy R3.
Remark 4.3. Fix a local uniformizer of E, which defines an elliptic formal group law Fe. Then
the completion of the stalk of OA at the origin of E is precisely the formal group algebra defined
in [CPZ13, Definition 2.4], and the completion of D and H at the origin of A/W , are the elliptic
formal affine Demazure algebra DFe and the elliptic formal affine Hecke algebra HFe considered in
[ZZ14], respectively. For general formal group law F , the dual of DF is the algebraic model of the
corresponding equivariant oriented cohomology of complete flag variety. For more details, please
refer to [CZZ12], [CZZ13] and [CZZ14].
The following proposition will be referred to as the structure theorem of the elliptic affine De-
mazure algebra and the elliptic affine Hecke algebra.
Proposition 4.4. [GKV97, Theorem 4.4] Let J be the sheaf of ideals in S corresponding to the
divisor
∑
α∈ΣD
α,γ on A. We have
D ∼= D̂
as sheaves of algebras on A/W , and H is isomorphic to the subsheaf of algebras of D consisting of
sections u of D such that
u(π∗J ) ⊂ π∗J .
For any f rational section of ΩE, which vanishes of order 1 along the zero section of E, define
Sing(f) to be the set of non-origin zeros of f union with the set of poles of f . Define
T fα =
f(χγ)
f(χα)
+ (1−
f(χγ)
f(χα)
)δα,
which is a regular section of H on the open complement of χ−1γ (Sing(f)) ∪ χ
−1
α (Sing(f)).
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Example 4.5 ([GKV97], § 4). Let E be a complex elliptic curve. Let x be an order-2 torsion
point on E, and consider the Jacobi-sign function sn, which is the unique rational function that has
simple zeros at the origin and x, poles of order 1 at the other two order-2 points, and derivative 1
at the origin. According to Definition 3.1, sn is a local coordinate of E. The sheaf of algebras S is
π∗OEn+1 . Let
V = [A\(∪α∈Σ+χ
−1
α (x))]/W.
Then H is the subalgebra of End(H0(V,S)) generated by H0(V,S) and Tα =
sn(χγ)
sn(χα)
+(1− sn(χγ)sn(χα))δα
for α ∈ Φ.
4.2. Filtration by the Bruhat order. For any w ∈ W , define H≤w ⊆ H to be the subsheaf
whose local sections consist of
∑
y≤w fyδy. Denote Hw = H≤w/H<w.
For any point p ∈ A, for any simple root α, let pα be the α-coordinate of p. Let fp,α be a rational
function on E such that p,−p /∈ Sing(fp,α). Note that such a function always exists (although non-
unique). Let Uα,p ⊆ E be the open complement of Sing(fp,α)∪ Sing(−fp,α). Then U :=
∏
α Uα,p is
a W -invariant open subset of A that contains p. This open subset U depends on p and fα,p.
Lemma 4.6. For each w ∈W , we fix a reduced sequence Iw = (i1, ..., il) of w, i.e., w = si1 · · · sil.
(1) The sheaf of rational sections of S, whose local sections consisting of f that has simple poles
at each divisor Dα, and vanishes along the divisors Dα,γ for each α ∈ Σ(w), is a locally
free of rank 1 over S.
(2) On U/W , the sheaf in (1) is globally free, generated by FIw := (1 −
fαi1 ,p
(χγ)
fαi1 ,p
(χαi1
)) · · · (1 −
fαil
,p(χγ)
fαil ,p
(χαil
)).
(3) Hw|U/W is free of rank 1 as a module over S|U/W , generated by TIw := T
fαi1 ,p
αil
· · ·T
fαil ,p
αil
.
Proof. Claim (1) is clear. Claim (2) is a consequence of (1). An easy calculation as in [GKV97,
Lemma 2.8.(ii)] shows that TIw − FIwδw ∈ H<w|U/W . Hence, (3) follows from (2). 
The following theorem is essentially proved in [GKV95].
Theorem 4.7. We have the following
(1) Hw is a locally free sheaf of modules over S of rank 1;
(2) H is a locally free sheaf of modules over S of rank |W |;
(3) H is a locally free sheaf of modules over OA/W of rank |W |
2.
Proof of Theorem 4.7. We prove, by induction on Bruhat order, that H≤w is locally free of rank
#{y ∈ W | y ≤ w}. The rest of the theorem follows easily from this, where the inductive step is
taken care of by Lemma 4.6.(3) above. 
4.3. The elliptic Demazure operators. Recall that O(−{0}) is the line bundle corresponding
to the divisor {0} on E, and ϑ(x) is the natural section of O(−{0})∨. Let Lα = O(−D
α), and let
ϑ(χα) be the section of L
∨
α, which is the pull-back of ϑ along χα : A → E. For each root α, we
define
Xα :=
1
ϑ(χα)
−
1
ϑ(χα)
δα.
Considering ϑ(χα) as a section of π∗L
∨
α, then Xα is a well defined element in
H0(A/W, j∗(H om(S, π∗L
∨
α)|Ac)).
For αi ∈ Φ we write Xi = Xαi for short.
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Lemma 4.8. For any root α, the element ∆α := ρ(Xα) ∈ H om(S, π∗L
∨
α)|Ac/W extends to a global
section of H om(S, π∗L
∨
α).
Proof. It suffices to show that for each local section σ of S on an open set U , the element ρ(Xα)σ
in H0(U, π∗L
∨
α) is regular along the divisor U ∩ π(D
α). This in turn amounts to show that on
U ∩ Ac/W , the rational section of π∗L
∨
α
σ − sα(σ)
ϑ(χα)
has numerator vanishing along the divisor π(Dα). But this is clear from definition. 
Lemma 4.9. The operators satisfies the following relations:
(1) δwXαδw−1 = Xw(α) ∈ Hom(S, π∗L
∨
wα);
(2) for any open U ⊆ Ac and σ ∈ H0(U,S), Xασ − sα(σ)Xα = ∆α(σ).
(3) X2α = 0.
Proof. (1) follows from the fact that w(ϑ(χα)) = ϑ(χw(α)). (2) follows from calculation similar as
in the twisted formal group algebra case. (3) follows from the fact that ϑ(χα) = −ϑ(χ−α). 
4.4. The enlarged elliptic affine Demazure algebra. Recall
S˜ =
⊕
λ∈Z[X∗(T )]
Lλ.
Lemma 4.8 implies that Xα is a global section of E nd(S˜) for any α ∈ Σ.
Similar to the situation of S, we define S˜W = S˜ ⋊W , and hence we have ρ : S˜W → E nd(S˜). Let
p : E nd(S˜) → j∗ E nd(S˜ |Ac) be the right adjoint to j
∗ E nd(S˜) → E nd(S˜|Ac). We define D̂
e to be
(j∗ρ)
−1
(
p(E nd(S˜)
)
, as a quasi-coherent subsheaf of algebras of j∗(S˜W |Ac), where j∗ρ : j∗(SW |Ac)→
j∗ E nd(S|Ac) is j∗ applied to ρ.
We define De to be the subsheaf of j∗(S˜W |Ac), whose local sections consist of
∑
w∈W fwδw where
fw’s are local sections of j∗(S˜ |Ac) satisfying conditions R1 and R2. Clearly Xα is a global section
of De for any α ∈ Σ. Similar argument as [GKV97, Theorem 4.4] shows that D̂e ∼= De.
Definition 4.10. Let D˜e be the subsheaf of OA/W -algebras of j∗(S˜W |Ac) on A/W , generated by
the image of S˜ → j∗(S˜W |Ac) and Xi with i = 1, ..., n.
By definition and Lemma 4.9, Xα is a global section of D˜
e. Lemma 4.8 implies that there is a
morphism D˜e → E nd(S˜) of sheaves of algebras on A/W , hence, D˜e is a subsheaf of algebras of D̂e.
Theorem 4.11. If R is an integral domain containing 1/2, then D̂e = D˜e = De.
Proof. This is a local property, so we can reduce to an open subset of A/W . Then D̂e = D˜e follows
similarly as [ZZ14, Theorem 3.8]. 
For any sequence I = (i1, ..., ik), we define
XI = Xi1 ◦ · · · ◦Xik .
We use Iw to denote a reduced sequence of w ∈ W . According to [BE90], this definition depends
on the choice of Iw. Modifying the arguments in [CZZ12] and [ZZ14, § 3], we get the following
properties:
Proposition 4.12. If R is an integral domain containing 1/2, we have the following properties.
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(1) {XIw}w∈W is a basis of D
e as a sheaf of left S˜-modules. In particular, De is globally free
as a sheaf of S˜-modules.
(2) De is generated as a sheaf of OA/W -algebras locally generated by S˜ and Xα, α ∈ Σ.
(3) The induced morphism of sheaves De → E nd(S˜) is injective.
Proof. All results follow similarly as the corresponding facts in [CZZ12]. More precisely, (1) follows
from Proposition 7.7, (2) follows from Lemma 5.8 and (3) follows from Theorem 7.10 of [CZZ12]. 
4.5. Geometric meaning of the elliptic Demazure operators. In this subsection we are back
to the assumption that R is a Q-algebra. Let G be a connected, simply connected compact Lie
group, T be a maximal torus. Note that W naturally acts on X∗(T ) = Λ, hence acts on AT . The
quotient AT /W is the moduli scheme of fiber-wise topologically trivial stable principal G
alg-bundles
over E∨. Let π : AT → AT /W be the natural projection.
Lemma 4.13. Let P be a connected closed Levi subgroup of G such that T < P . Let WP be the
Weyl group of P . Then, there are isomorphisms AP ∼= A
G/P
G , and AP
∼= AT /WP , making following
diagram is commutative.
AT //

AP
}}④④
④④
④④
④④
AG
All the maps can be identified with quotient maps by the Weyl group action.
Proof. This follow directly from Assumption 3.4 (3). 
For any simple root α, let Pα be the corresponding minimal parabolic group. Let p : G/T →
G/Pα be the natural projection, which is a P
1-bundle. It induces a morphism p♯ : E0G(G/Pα) →
E0G(G/T ), and after taking spectra, we have pA : A
G/T
G → A
G/Pα
G . It induces a morphism p
♯ :
p∗AOAG/PαG
→ O
A
G/T
G
, and from Section 3.4, we have the pushforward p♯ : Θ(Tp) → p
∗
AOAG/PαG
=
p∗A E
0
G(G/Pα).
Proposition 4.14. The following diagram commutes
Θ(Tp)
p♯◦p♯
//
∼=

O
A
G/B
G
Lα
Xα
// O
A
G/B
G
.
Proof. Without loss of generality, we assume G = PSU2 ⊂ G
C = PGL2(C) acts on A
2 in the usual
way, and p : P(A2)→ pt is the natural projection. The diagram
P1 × P1
p2
//
p1

P1
p

P1 p
// pt
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is a transversal Cartesian diagram. By base change, p♯ ◦ p♯ : Θ(Tp)→ OAP1G
is naturally equivalent
to the map p1♯p
♯
2 : Θ(Tp) → OAP1G
. The latter is calculated in Lemma 3.19. Therefore, we are
done. 
5. The elliptic affine Hecke algebra: the convolution construction
In this section, we prove the isomorphism between the elliptic affine Hecke algebra and the equi-
variant elliptic cohomology of the Steinberg variety. Throughout this section, Galg is a connected,
simply-connected compact Lie group, with maximal torus T . Let B ⊆ GC be the Borel. Let
B = GC/B ∼= G/T as variety over C.
5.1. Convolution construction of the Demazure-Lusztig operator. Recall that in B × B,
the orbits of the diagonal GC-action are in natural one-to-one correspondence with elements of the
Weyl group W . Let Yα be the orbit corresponding to the simple root α ∈ Φ. Its closure Yα is the
union of Yα and B∆, the latter being the diagonal. Let Zα := T
∗
Yα
(B ×B) be the conormal bundle,
considered as a closed subvariety of N˜ × N˜ , and denote pα : Zα → Yα. Note that Zα is smooth,
and the second projection pr2 : N˜ × N˜ → N˜ is proper when restricted to Zα. Without causing
confusion, we will denote the restriction of pri to Zα still by pri for i = 1, 2. Via convolution and the
embedding Zα →֒ Z, a local section η of ΞG×S1(Zα) defines local a section of E ndAG×S1 (E
0
G×S1(N˜ )),
which will be denoted by η∗Z .
Let p2 : Yα → B be the second projection B × B → B restricted to Yα. It is a fiber bundle with
each fiber isomorphic to P1. Let Ω1p2 be the relative cotangent bundle p2, which is a line bundle on
Yα. Define Jα := p
∗
αΩ
1
p2 on Zα.
Let f be a rational section of ΩE . Define
(5) Jfα :=
e(Jα)
e(Jα ⊗ kq)
·
(
1−
cf1 (kq)
cf1 (Jα)
)
,
which is a rational section of ΞG×S1(Zα) ∼= Θ(pr
∗
1 T
∗P1)∨ ⊗Θ(Jα)
∨.1
For any local section σ(x) of S, we have
(6) (T f−α − 1) · σ(x) = (
f(χγ)
f(χα)
− 1)(sασ(x)− σ(x)) = ϑ(χα)(1−
f(χγ)
f(χα)
)(
sασ(x)
ϑ(χ−α)
+
σ(x)
ϑ(χα)
).
Theorem 5.1. With notations as above,
Jfα∗Z = (T
f
−α − 1)
as rational sections of E ndAG×S1 (E
0
G×S1(N˜ ))
∼= E ndAG×S1 A/W (S)
The proof of this theorem is similar to that of Theorem 6.3 in [ZZ14]. However, there are
differences due to the phenomenon of Thom bundles in equivariant elliptic cohomology. Therefore,
we include the proof for convenience of the readers.
We need the following lemma to simplify our calculation.
Lemma 5.2. [CG97, Lemma 5.4.27] Let j : Zα → N˜ × N˜ be the natural embedding. Let b2 :
N˜ × N˜ → N˜ × B be the identity on the first factor and the bundle projection on the second factor.
Let i : B × B → N˜ × B be the zero section.
1Note that although Zα’s are conormal bundles to orbits in B, Proposition 2.8.6 in [GKV95] does not apply, since
the S1-factor in G× S1 acts non-trivially on T ∗B but trivially on B.
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Then, i◦b2◦j is a well-defined injective map of sheaves of algebras πZα∗ΞG×S1(Zα)→ πB×B∗ΞG×S1(B×
B). Moreover, the following diagram commutes
πZα∗ΞG×S1(Zα)
∗Z
//
i∗◦b2∗◦j∗

E ndAG×S1 (S)
∼=

πB×B∗ΞG×S1(B × B)
∗B
// E nd( E
0
G×S1(B)).
5.2. Rank-1 case. Now we assume G has rank 1. The only simple root is denoted by α. In this
case, B ∼= P1, and Zα = Yα = P
1 × P1. We identify P1 with P(A2). Let T = S1 acts on A2 with
weights −α/2 and α/2. For any character λ, the line bundle Lλ is isomorphic to O(〈λ, α
∨〉) on P1,
and Ω1
P1
= O(−2). The line bundle Jα = Ω
1
p2 on Zα is identified with O(−2) ⊠ OP1 . The map
i♯ ◦ p2♯ ◦ j : πZα∗ΞG×S1(Zα)→ πB×B∗ΞG×S1(B×B), according to the Thom isomorphism Theorem,
is multiplication by e(Jα ⊗ kq). Consequently, we have
Jfα =
e(O(−2) ⊠OP1)
e(O(−2) ⊠OP1 ⊗ kq)
(
1−
cf1 (kq)
cf1(O(−2) ⊠OP1)
)
as a rational section of πZα∗ΞG×S1(Zα).
Let pi : P
1 × P1 → P1 be the i-th projection for i = 1, 2. The Euler class e(Jα) = ϑ(χα)
is a global section of πP1×P1∗ΞG×S1(P
1 × P1) ∼= πP1×P1∗Θ(Jα)
∨. Hence, we have the operator
e(Jα)∗B ∈ EndAG×S1 (E
0
G×S1(P
1)).
Lemma 5.3. For any local section σ of E0G×S1(P
1), we have
e(Jα) ∗B σ = σ − sασ.
Proof. We have
p1♯
(
e(Jα)p
♯
2(σ)
)
= p1♯
(
p♯1(eO(2)) · p
♯
2(σ)
)
= e(O(2)) · p1♯
(
p♯2σ
)
= ϑ(χα) · p1♯
(
p♯2σ
)
.
By Lemma 3.19, ϑ(χα) · p1♯
(
p♯2σ
)
= σ − sασ. Therefore, we are done. 
By the projection formula and Lemma 5.3, we have the following more general formula.
Lemma 5.4. Let σ1 be a local section of OE×E ∼= E
0
G×S1(P
1). Then any local section σ1 of
E0G×S1(P
1) is sent by e(Jα)∗B to the following operator on E
0
G×S1(P
1), sending any local section σ2
to (
e(Jα) · p
♯
1(σ1)
)
∗B σ2 = σ1 · (σ2 − sασ2) .
Proposition 5.5. The effect of the operator Jfα∗Z on any local section σ of E
0
G×S1(P
1) coincides
with that of T f−α − 1 under the identification S
∼= OE×E ∼= E
0
G×S1(P
1).
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Proof. By definition and Lemma 5.2, Jfα ∗Z σ = p1♯
[(
p♯2(σ)
)
· e((Ω1
P1
⊗ k∨q )⊠O) · J
f
α
]
∈ E0G×S1(B).
Recall that G = SU2, by Lemma 5.4, we have
p1♯
((
p♯2(σ)
)
· e((Ω1P1 ⊗ kq)⊠O) · J
f
α
)
= p1♯
(
p♯2 (σ) · e(Jα) · p
♯
1
(
1−
cf1 (kq)
cf1 (Jα)
))
=
(
1−
f(χγ)
f(χα)
)
(−sασ + σ)
=
(
f(χγ)
f(χα)
− 1
)
(sασ − σ) .
Comparing with (6) we know that the effect of Jfα on any local section σ coincides with that of
T f−α − 1, so the conclusion follows. 
5.3. Convolution algebra of the Steinberg variety. The goal of this subsection is to prove
the following.
Theorem 5.6. The assignment sending the rational section Jf,Eα of H to the rational section J
f
α
of ΞG×S1(Z) for any simple root α and any rational function f of E extends to an isomorphism
Υ : H ∼= πZ∗ΞG×S1(Z) of sheaves of algebras on AG×S1 .
The proof goes essentially the same way as its classical counterpart in [CG97]. Nevertheless, the
fact that H has very few global sections makes differences. We outline the proof in the rest of this
section, with emphasize on the parts that are different. For simplicity, in the remaining part of this
section, we will omit the subscript G× S1 in ΞG×S1(Z).
For any w ∈ W , let Yw ⊆ B × B be the orbit corresponding to w ∈ W , and denote Zw =
T ∗Yw(B × B). Let Z≤w = ⊔v≤wZv be the closed subvariety of Z, and iw, i≤w and i<w be the
natural embeddings. Using long exact sequence of cohomology and the vanishing of odd degree
cohomology, we see that the induced map i≤w∗ on cohomology is injective. Similarly, we have short
exact sequences 0→ πZ<w∗Ξ(Z<w)→ πZ≤w∗Ξ(Z≤w)→ πZw∗Ξ(Zw)→ 0, and Ξ(Zw) is a line bundle
on AZw
G×S1
.
Lemma 5.7. The sheaf πZ∗Ξ(Z) is locally free, and the action of πZ∗Ξ(Z) on E
0
G×S1(B) is faithful,
i.e., the morphism πZ∗Ξ(Z)→ E ndA(E
0
G×S1(B)) is injective.
Proof. Exactly the same way as [GKV95, Lemma 4.6.1]. 
By definition of H, the natural morphism H → E ndA/W (S) is injective. Therefore, we get the
following consequence of Lemma 5.7.
Corollary 5.8. The assignment in Theorem 5.6 extends to a well-defined morphism Υ : H →
πZ∗Ξ(Z) of sheaves of rings, which is injective.
Now we finish the proof of Theorem 5.6.
Proof of Theorem 5.6. Clearly Υ is filtration preserving. It induced a morphism grwΥ on associated
graded piece Hw → πZw∗Ξ(Zw), which is a morphism of rank 1 locally free sheaves of module over
S.
Let Iw = (i1, ..., ir) be a reduced sequence of w. For any p ∈ A, we fix a collection of rational
functions {fαij ,p | j = 1, ..., r}, and an open neighborhood U of p as in § 4.2. For each simple root
α, we say a local section s of Ξ(Zα) is invertible if there is a local section s
′ of Ξ(Zα)
∨ on the same
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open set such that s ⊗ s′ is 1 ∈ S. In particular, on U the element e(Jα)e(Jα⊗kq) ·
(
1−
c
fαi,p
1 (kq)
c
fαi,p
1 (Jα)
)
is
invertible as a section of Ξ(Zαi).
Following the proof of [CG97, Proposition 7.6.12.(2)], we define prj,j+1 : (T
∗B)r+1 → T ∗(B×B) ∼=
T ∗(B)× T ∗(B) to be the projection to the (j, j + 1) factor, and define Zij = pr
−1
j,j+1(T
∗
Ysij
(B × B)),
for j = 1, . . . , r − 1. The projection
Zi1 ×N˜ Zi2 ×N˜ · · · ×N˜ Zir → Zw
restricts to an isomorphism
Zi1 ∩ Zi2 ∩ · · · ∩ Zir
∼= T ∗Yw(B × B).
Consequently, the section JIw = J
fαi1 ,p
αi1
· · · J
fαir ,p
αir is invertible in
Ξ(Zi1 ∩ Zi2 ∩ · · · ∩ Zir)|U
∼= Ξ(Zw)|U .
By the same argument as [CG97, Theorem 7.6.12.], when restricted to Zw, the convolution of JIw
is equal to grw Υ(TIw) (where TIw is as in Lemma 4.6). Hence, the restriction of Υ is a morphism
Hw|U → Ξ(Zw)|U which sends the generator TIw of the source to the generator JIw of the target.
So grwΥ is an isomorphism of sheaves of modules over S. By the same argument as [CG97,
Proposition 2.3.20.(ii).], the fact that grΥ is an isomorphism implies that Υ is an isomorphism. 
6. Geometric construction of representations at non-torsion points
In this section, we assume E is an elliptic curve over C (although all the results in this section
are true if more generally the base field is characteristic zero). Again, G is a connected, simply-
connected compact Lie group.
As H is a coherent sheaf of algebras on the Noetherian scheme A/W , any irreducible representa-
tion of H is supported on a closed point of A/W . We generalize Kazhdan–Lusztig’s classification of
irreducible representations of affine Hecke algebra [KL87] to the case of elliptic affine Hecke algebra
at closed points of A/W whose γ-coordinate is non-torsion.
Definition 6.1. A representation of H is a coherent sheaf on A/W , which is a sheaf of modules
over H.
6.1. Reminder on the decomposition theorem. We recall briefly basic facts about represen-
tations of convolution algebras, following [CG97, § 8.6].
Let f :M → N be a projective morphism of quasi-projective complex varieties, with M smooth.
Let Dbc(N) be the derived category of constructible sheaves on N . Let X = M ×N M . Then
H∗(X;C) is endowed with a convolution product, and H∗(X;C) ∼= Ext
∗
Dbc(N)
(f∗CM) as associative
algebras. Applying the decomposition theorem [BBD82] to f∗CM , we get
f∗CM ∼=
⊕
φ,k
Lφ,k ⊗ Pφ[k],
where k runs through Z and φ runs through the set of isomorphism classes of simple perverse
sheaves. Consequently, {Lφ,0 | Lφ,0 6= 0} is a complete set of pair-wise non-isomorphic simple
modules over H∗(X;C) (see, e.g., [CG97, Theorem 8.6.12]).
If furthermore f is a G-equivariant map between G-varieties, such that N has only finitely many
orbits, then we can label the set of simple perverse sheaves φ in the decomposition above by pairs
(O, χ), where O is an orbit in N , and χ is an equivariant local system on O (see, e.g., [CG97,
Theorem 8.4.12]). Choosing a base point xO for each orbit O, and writing its isotropy subgroup
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as GxO , then the local system χ is identified with an irreducible representation of the component
group G(xO)/G(xO)
0 (see, e.g., [CG97, 8.4.13.(ii)]).
In the equivariant set-up, we define the standard H∗(X,C)-modules as follows. For each O, let
x ∈ O and let H∗(Mx) be H
∗(i!xf∗CM ) with the H
∗(X)-module structure, where ix : {x} →֒ N is
the embedding. For each φ = (Oφ, χφ), let H∗(Mx)φ be the component in H∗(Mx) that transforms
as φ under the component group action. This is a submodule of H∗(Mx). We have
H∗(Mx) ∼=
⊕
φ
Lφ ⊗H
∗(i!xICφ),
which does not depend on the choice of xO. Then, the standard module H∗(Mx)χ has a simple
top, which is isomorphic to the simple module Lφ,0. For any two parameters ψ = (Oψ, χψ) and
φ = (Oφ, χφ), the multiplicity of the simple object Lφ,0 in the standard module H∗(Mx)ψ is given
by
[H∗(Mx)ψ : Lφ] =
∑
k
dimHk(i!xPφ)ψ
(see, e.g., [CG97, Theorem 8.6.23]). Here the simple perverse sheaf Pφ is the intersection cohomol-
ogy sheaf ICφ associated to the local system χφ on Oφ.
6.2. Pontrjagin duality. We recall some well-known facts about the moduli space AG. In a
simply connected compact Lie group G, for any pair of commuting elements s1, s2 ∈ G, there is
a maximal torus T < G and some g ∈ G such that g · s1 · g
−1, g · s2 · g
−1 ∈ T . Fix a maximal
torus T < G, for any two pairs of elements (g1, g2), (h1, h2) ∈ T 2, if there is g ∈ G such that
g · g1 · g
−1 = h1 and g · g2 · g
−1 = h2, then this g can be chosen from the normalizer of T in G. It is
well-known that a closed point in AG corresponds to an ordered pair of semi-simple elements in T ,
up to simultaneous conjugation. Equivalently, AG ∼= T ×T/W . When G = T , this yields AT ∼= T
2.
This isomorphism can be made more explicit, after fixing an isomorphism E ∼= S1 × S1. By
definition of AT , any closed point a ∈ AT defines a homomorphism of abelian groups a : X
∗(T )→ E,
hence defines an element in Hom(X∗(T ), S1 × S1) ∼= T 2. This assignment sending a ∈ A to a ∈ T 2
is denoted by
DD : AT → T
2.
Lemma 6.2. Let a ∈ AT be any closed point, and let DD(a) = (s1, s2) ∈ T
2. Recall that T (a) =
∩a∈AT ′T
′. Then T (a) ⊆ T is the minimal closed subgroup of T generated by s1 and s2.
Proof. Closed subgroups of T form a lattice under inclusions, and so do subgroups of X∗(T ). There
is an order-reversing one-to-one correspondence between these two lattices, sending any T ′ < T to
the kernel of the quotient X∗(T )։ X∗(T ′).
Let T ′ be a closed subgroup of T . Then a ∈ AT ′ ⊆ AT if and only if the morphism a : X
∗(T )→ E
factors through X∗(T ) ։ X∗(T ′). In turn, this happens if and only if DD(a) is contained in the
subgroup T ′× T ′ ⊆ T × T . Therefore, the smallest closed subgroup T ′ < T with the property that
a ∈ AT ′ ⊆ AT is also the smallest closed subgroup of T
′ < T with the property thatDD(a) ∈ T ′×T ′.
The later is the closed subgroup of T generated by s1 and s2. 
Let T alg be the corresponding algebraic torus containing T as a maximal compact subgroup.
Clearly, Hom(X∗(T ),C∗) ∼= T alg, and Hom(X∗(T ), S1) ∼= T . Intersection with T defines an
inclusion-preserving one-to-one correspondence between algebraic subgroups of T alg and closed
subgroups of T . In particular, for any subset Z ⊆ T , the smallest algebraic subgroup of T alg
containing Z corresponds to the closed subgroup of T generated by Z. Composing DD : AT → T
2
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with the natural embedding and the embedding T 2 ⊆ (T alg)2, we get a map AT → (T
alg)2, which,
without causing confusion, is also denoted by DD.
6.3. A non-vanishing theorem. In this subsection, we fix a quintuple (s1, q1, s2, q2, x), where
si ∈ T , qi ∈ C
∗, and x ∈ N such that sixs
−1
i = qix for i = 1, 2. We assume that q1 and q2 are
not simultaneously roots of unity. Without loss of generality, we assume q1 has infinite order. Let
u = ex ∈ Galg. In this subsection we prove the non-vanishing theorem (Proposition 6.7). The proof
is similar to [KL87, § 7.1] (see also [CG97, § 8]).
Following [KL87, § 7.1], we fix (not-necessarily continuous) group homomorphisms vi : C
∗ → R
(the additive group) for i = 1, 2 such that v1(q1) > 0 and v2(q2) ≥ 0. The existence of such v2
follows from [CG97, Lemma 8.8.12]. Also fix φ : SL2(C)→ G
alg such that φ( 1 10 1 ) = u. For i = 1, 2,
let sφi = φ(
qi 0
0 q−1i
), and let s′i = (s
φ
i )
−1 · si. One can easily check that s
′
i commutes with φ(SL2(C))
for i = 1, 2, and s′1 commutes with s
′
2. Then there is a decomposition of g into simultaneous
eigenspaces of s′1, s
′
2, and φ(
z 0
0 z−1 ) for any z ∈ C
∗ as follows
(7) g =
⊕
α1∈C∗,α2∈C∗,j∈Z
gα1,α2,j,
where
gα1,α2,j = {y ∈ g | s
′
i · y · (s
′
i)
−1 = αiy for i = 1, 2, and φ(
z 0
0 z−1 ) · y · φ(
z 0
0 z−1 )
−1 = zjy}.
Define pi =
⊕
vi(αi)≤0
gα1,α2,j for i = 1, 2, and define p = p1 ∩ p2. Let the parabolic subgroup of
G corresponding to pi be Pi for i = 1, 2, and let P be that corresponding to p. Let Li be the Levi
subgroup of Pi for i = 1, 2, and L be that of P .
Let G(s1, s2) (resp. G(s1, s2, x)) be the simultaneous centralizer of s1 and s2 (resp. s1, s2 and x)
in Galg, and let g(s1, s2) (resp. g(s1, s2, x)) be its Lie algebra. Define g
s1,s2 = {y ∈ g | si · y · s
−1
i =
qiy for i = 1, 2}. We write g(s1, s2) ∩ p as p(s1, s2), and p ∩ g
s1,s2as ps1,s2 .
The following lemma is essential in the proof of the non-vanishing theorem. Its proof is almost
the same as that of [CG97, Lemma 8.8.22]. The key assumption is that v1(q1) is strictly positive.
Lemma 6.3. The following is true:
(1) g(s1, s2, x) ⊆
⊕
α1=q
−j
1 ,α2=q
−j
2 ,j≥0
gα1,α2,j;
(2) p(s1, s2) =
⊕
α1=q
−j
1 ,α2=q
−j
2 ,j≥0
gα1,α2,j;
(3) ps1,s2 =
⊕
α1=q
2−j
1 ,α2=q
2−j
2 ,j≥2
gα1,α2,j;
(4) [x, p(s)] = ps1,s2.
Proof. Recall that s′i commutes with the image of φ for i = 1, 2. Hence, the decomposition (7)
induces decompositions of g(s1, s2, x), p(s1, s2), and p
s1,s2 .
For any y ∈ g(s1, s2, x) ∩ gα1,α2,j, we have
y = si · y · s
−1
i = s
φ
i ·
(
s′i · y · (s
′
i)
−1
)
· (sφi )
−1 = αiq
j
i y.
Hence αi = q
−j
i for i = 1, 2. Recall that x ∈ g is nilpotent, and u = e
x extends to the SL2-
triple 〈u, φ( z 00 z−1 ), φ(
1 0
1 1 )〉. Let G(u) be the centralizer of u, and g(u) its Lie algebra. By [CG97,
Corollary 3.7.11], the eigenvalues of φ( z 00 z−1 ) on g(s1, s2, x) ⊆ g(u) are all non-negative. Therefore,
if g(s1, s2, x) ∩ gα1,α2,j contains y, then we have j ≥ 0.
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Similarly, for y ∈ p(s1, s2)∩gα1,α2,j, we also have αi = q
−j
i for i = 1, 2. We have vi(αi) = −jvi(qi)
for i = 1, 2. By definition of p, we have vi(αi) ≤ 0 for i = 1, 2. But v1(q1) < 0, hence j ≥ 0.
The decomposition in (3) is proved in the same way as (2).
To prove (4), we only need to show surjectivity of
adx :
⊕
α1=q
−j
1 ,α2=q
−j
2 ,j≥0
gα1,α2,j →
⊕
α1=q
2−j
1 ,α2=q
2−j
2 ,j≥2
gα1,α2,j ,
which is equivalent to surjectivity of
adx : g
q−j1 ,q
−j
2 ,j
→ g
q−j1 ,q
−j
2 ,j+2
for j ≥ 0. Indeed, the operator adx extends to an sl2-action, which is the image of φ. According
to the general theory of sl2-representation, adx is surjective on positive weight spaces. 
Let Bs1,s2x be the variety of Borel subgroups B such that s1, s2 ∈ B and x ∈ LieB, and let
BP,s1,s2x = {B ∈ B
s1,s2
x | B ⊆ P}. Then B
P,s1,s2
x 6= ∅, since any solvable subgroup of Galg is
contained in at least one Borel subgroup.
Let O ⊆ N be the G(s1, s2)-orbit of x ∈ N , and let O be the closure of O. The following lemma
follows is an analogue of [CG97, Proposition 8.8.19].
Lemma 6.4. Let B ∈ BP,s1,s2x be a Borel subalgebra, and let n be the nil-radical of LieB. Then
G(s1, s2) · (n ∩ g
s1,s2) = O.
Proof. By definition, we have x ∈ gs1,s2 and x ∈ n. Therefore, to prove this lemma, we only need
to show that G(s1, s2)x is dense in G(s1, s2)p
s1,s2 .
Note that x ∈ ps1,s2 , and that ps1,s2 is stable under the action of P (s1, s2) := P ∩G(s1, s2). We
have a proper map
G(s1, s2)×P (s1,s2) p
s1,s2 ։ G(s1, s2) · p
s1,s2 .
To show that G(s1, s2)x is dense in G(s1, s2)p
s1,s2 , we only need to show that the P (s1, s2)-adjoint
orbit of x is dense in ps1,s2 . But this follows directly from Lemma 6.3 and [CG97, Lemma 1.4.12]. 
Let N˜ (s1,q1),(s2,q2) be the subset of N˜ consisting of elements fixed by both (s1, q1) and (s2, q2).
Here the action of (s, q) ∈ Galg × C∗ on n ∈ N˜ is given by q−1 · (s · n · s−1). Define Oˆ to be the
union of connected components of N˜ (s1,q1),(s2,q2) that intersect non-trivially with BP,s1,s2x . Then Oˆ
is a G(s1, s2)-stable subvariety of N˜
(s1,q1),(s2,q2), and is both open and closed.
So far we proved the following lemma, which is an analogue of [CG97, Theorem 8.8.1].
Lemma 6.5. With notations as above, we have µ(Oˆ) = O.
Let L(s1, s2, x) be the simultaneous centralizer of s1, s2, x in L. Let C(s1, s2, x) be the component
group of G(s1, s2, x), i.e., the quotient of G(s1, s2, x) by its connected component containing the
identity. Then, C(s1, s2, x) acts on H
∗(Bs1,s2x ) and H∗(B̂
s1,s2
x ), where B̂
s1,s2
x = B
s1,s2
x ∩ Oˆ.
Lemma 6.6. We have
(1) G(s1, s2, x) ⊆ P ;
(2) the map of component groups L(s1, s2, x)/L(s1, s2, x)
0 → C(s1, s2, x) is surjective.
Proof. For i = 1, 2, let
M(si, x) = {(g, q) ∈ G× C
∗ | gsig
−1 = si, gxg
−1 = q2x},
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and let M(s1, s2, x) = M(s1, x) ∩M(s2, x). It is shown in [KL87, Lemma 7.2(a)] (see also [CG97,
Lemma 8.8.23]) that M(x, si) ⊆ Pi × C
∗ for i = 1, 2. Hence, M(x, s1) ∩M(x, s2) = M(x, s1, s2) ⊆
P × C∗ = (P1 × C
∗) ∩ (P2 × C
∗). In particular, G(s1, s2, x) ⊆ P .
Claim (2) follows similarly as [CG97, Lemma 8.8.25]. 
The following non-vanishing theorem is an analogue of [CG97, Proposition 8.8.2]. For convenience
of the readers, we include the proof.
Proposition 6.7. Any simple C(s1, s2, x)-module having non-zero multiplicity in H
∗(Bs1,s2x ) also
has non-zero multiplicity in H∗(B̂s1,s2x ).
Proof. Let Z0(L) be the identity component of the center of L. We haveH∗(Bs1,s2x ) ∼= H∗((B
s1,s2
x )Z
0(L)).
In particular, for any simple C(x, s1, s2)-module χ, the multiplicity [H
∗(Bs1,s2x ) : χ] is non-zero if
and only if [H∗((Bs1,s2x )Z
0(L)) : χ] is non-zero.
Let BP be the variety consisting of all the Borel subgroups contained in P . By [CG97, (8.8.28)],
the flag variety B(L) of L is isomorphic to BP . Also, by [CG97, Proposition 8.8.2], each connected
component of BZ
0(L) is L-equivariantly isomorphic to B(L). This in turn implies that (Bs1,s2x )Z
0(L)
is a disjoint union of pieces, each L(s1, s2, x)-equivariantly isomorphic to B(L)
s1,s2
x
∼= B
P,s1,s2
x .
Therefore, H∗((Bs1,s2x )Z
0(L)) ∼= H∗(B
P,s1,s2
x )⊕m for somem > 0 as L(s1, s2, x)/L(s1, s2, x)
0-modules.
By Lemma 6.6, for any simple C(s1, s2, x)-module χ such that [H
∗((Bs1,s2x )Z
0(L)) : χ] 6= 0, we
also have [H∗(BP,s1,s2x ) : χ] 6= 0. Recall that by definition we have B
P,s1,s2
x ⊆ B̂
s1,s2
x , and hence
(B̂s1,s2x )Z
0(L) contains BP,s1,s2x as a union of connected components. Therefore, we then also have
[H∗(B̂s1,s2x )Z
0(L)) : χ] 6= 0. This in turn implies that [H∗(B̂s1,s2x ) : χ] 6= 0, which finishes the
proof. 
6.4. Classification of irreducible representations at non-torsion points. Let (a, t) ∈ AT×E
be a closed point, such that t ∈ E is not a torsion point.
Let DD(a, t) = ((s1, q1), (s2, q2)) ∈ (T × S
1)2. The condition that t is non-torsion is equivalent
to saying that q1 and q2 are not simultaneously roots of unity. Let T (a, t) ⊆ T × S
1 be the closed
subgroup generated by (s1, q1) and (s2, q2). Let x ∈ N
T (a,t) be a nilpotent element fixed by the
subgroup T (a, t). Then, we have sixs
−1
i = qix for i = 1, 2. Let T (a) < T be as usual, and let
G(a) be the centralizer of T (a) in Galg. By Lemma 6.2, T (a) is generated by s1 and s2, hence
G(a) = G(s1, s2) where the latter is defined in § 6.3. Let G(a, x) < G(a) be the centralizer of x in
G(a), then we have G(a, x) = G(s1, s2, x). The component group C(a, x) of G(a, x) is the same as
C(s1, s2, x) in § 6.3.
We need some basic properties about the equivariant elliptic cohomology of the Steinberg variety
Z.
Lemma 6.8. Let π : AZT×S1 → A
Z
G×S1 be the natural projection. Then
π∗ΞG×S1(Z) ∼= ΞT×S1(Z)
as sheaves of algebras on AZT×S1.
The K-theory analogue of this lemma is [CG97, (6.2.(6))]. In the elliptic case, it follows from
the fact that πZ∗ΞT×S1(Z) is locally free on AT×S1 , together with faithfully flat descent for the
map π : AT×S1 → AG×S1 , similar to its K-theory analogue.
For any t ∈ E, let Ht be the pull-back of H to the subvariety AG × {t} ⊆ AG × E.
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Proposition 6.9 ([CG97], (8.1.6)). Let (a, t) ∈ AG × E, H(a,t) be the pull-back of H to the closed
point (a, t). Let a′ ∈ AT be any point in the pre-image of a ∈ AG. For simplicity, T (a
′, t) < T ×S1
is denoted by T (a, t). Then we have an isomorphism of algebras
H(a,t) ∼= H∗(Z
T (a,t);C).
Proof. Let ι : T (a, t) →֒ T×S1 ⊆ G×S1 be the natural embedding, and let ιA : AT (a,t) → AG×S1 be
the induced map. By Lemma 6.8, we have π∗ΞG×S1(Z) ∼= ΞT×S1(Z) as vector bundles on A
Z
T×S1 ,
hence ι∗AπZ∗ΞT×S1(Z)
∼= πZ∗ΞT (a,t)(Z). In particular,
H(a,t) ∼= (πZ∗ΞT (a,t)(Z))⊗AT (a,t) C(a,t).
By Theorem 3.25, we have an isomorphism πZ∗ΞT (a,t)(Z)⊗AT (a,t) C(a,t)
∼= H∗(Z
T (a,t);C). 
Apply § 6.1 to µ : N˜ T (a,t) → N T (a,t) with the action of G(a), we get the following corollary of
Proposition 6.7.
Corollary 6.10. Assume t ∈ E is a non-torsion point. Then,
(1) For a ∈ AT , x ∈ N
T (a,t), and χ an irreducible representation of C(a, x) that shows up non-
trivially in H∗(B
T (a)
x ), the C-vector space H∗(B
T (a)
x )χ has a natural Ht-module structure.
(2) For each triple (a, x, χ) with a, x, and χ as in (1), the module H∗(B
T (a)
x )χ has a simple top,
denoted by La,x,χ. Moreover, the set of irreducible representations of Ht are in one-to-one
correspondence with the set of triples (a, x, χ) up to conjugation;
(3) Let (a, y, κ) be another triple. The multiplicity of the simple object La,x,χ in H∗(B
T (a)
y )κ is
given by
∑
k dimH
k(i!xICx,χ)y,κ.
Here ICx,χ is the intersection cohomology sheaf on N
T (a) associated to the local system χ on the
orbit G(a)x, and Hk(i!yICx,χ)κ is the C(a, y)-isotypical component transforms as κ. This corollary
follows directly from Proposition 6.7 by the same argument as in [CG97, § 8.8].
Remark 6.11. 2 As a direct application of [Kal08, Corollary 1.10], H∗(B
T (a)
x ) is generated by
algebraic cycles. In particular, the Euler characteristic of B
T (a)
x is the same as its dimension.
6.5. Higgs bundle interpretations. For any principle Galg-bundle on E∨, let ad(P ) be the Lie
algebra bundle P ×Galg g. For any t ∈ E, denote the line bundle O({0} − {t}) on E
∨ by Lt. A
Lt-valued Higgs field is a holomorphic section
3 of the vector bundle ad(P ) ⊗ Lt. The pair (P, x)
is called a Higgs bundle. A B-structures on the Higgs bundle (P, x) is a principal B-bundle P ′ on
E∨, together with a holomorphic section x′ of ad(P ′)⊗Lt, such that (P, x) is induced from (P
′, x′).
Let BP,x be the variety of all the B-structures on the Higgs bundle (P, x).
Theorem 6.12. For any t ∈ E and any a ∈ AG, let Lt be the line bundle corresponding to t, and
let Pa be the principal G
alg-bundle corresponding to a. Then, we have
(1) A holomorphic section x of ad(Pa)⊗ L
−1
t is equivalent to x ∈ g
T (a,t);
(2) There is an isomorphism of algebraic varieties BPa,x
∼= B
T (a)
x ;
(3) There is an isomorphism of algebraic groups Aut(P, x) ∼= G(a, x), which intertwines the
action of Aut(P, x) on BPa,x and the action of G(a, x) on B
T (a)
x .
2This remark was communicated to the authors by Sasha Braverman in the Park City Mathematics Institute 2015.
3For a g-bundle, we use the terminology holomorphic section instead of regular section to avoid confusion with
regularity of elements in g.
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We will prove this theorem in the end of this section. First, let us mention an application.
Let Higgsnilt (E
∨) be the set of isomorphism classes of triples (P, x, χ), where P is a semi-simple
semi-stable topologically trivial principle Galg-bundle on E∨, x is a nilpotent holomorphic section
of ad(P )⊗L−1t , and χ is an irreducible representation of Aut(P, x)/Aut
0(P, x) on H∗(BP,x). Here,
a nilpotent section of ad(P ) ⊗ Lt is a section such that the image at each fiber is an nilpotent
element of g.
Remark 6.13. (1) For t = 0, the set Higgsnilt=0(E
∨) is shown to parametrize irreducible rep-
resentations of the quantum torus in [BEG03].
(2) Moreover, for non-torsion t ∈ E, it was conjectured in loc. cit. that the set Higgsnilt (E
∨)
parametrizes irreducible representations of the double affine Hecke algebra of Cherednik
(DAHA).
(3) However, in [Vas05] a classification of those representations has been achieved, which shows
more those representations than the ones predicted by this conjecture.
Therefore, Remark 6.13 gives raise to two natural problems.
Problem 6.14. (1) Find a family of algebras, parametrized by t ∈ E, whose irreducible rep-
resentations are parametrized by Higgsnilt (E
∨) for non-torsion point t ∈ E.
(2) Find a property P , such that the irreducible integrable representations of DAHA having
property P are parametrized by Higgsnilt (E
∨).
The following is a direct corollary of Theorem 6.12.
Corollary 6.15. Let t ∈ E be a non-torsion point, then the irreducible objects in Ht-mod are in
one-to-one correspondence with Higgsnil(E∨).
Corollary 6.15 answers Problem 6.14(1). In a later publication of the first named author in
collaboration with Valerio Toledano Laredo, we will address Problem 6.14(2). The property P is
expected to be non-torsion when considered as a module over one of the subalgebras isomorphic to
the affine Hecke algebra.
The proof of Theorem 6.12 will occupy the rest of this section. As an intermediate step, we
interpret Higgsnilt (E
∨) in terms of principal bundles with flat connections.
Let π1 := π1(E, 0) be the fundamental group of E with base point 0 ∈ E, and let E˜ → E be the
universal cover. Denote the two generators of π1 by γ1 and γ2. For a ∈ AG, let (s1, s2) ∈ (T
alg)2 be
DD(a) as in § 6.2, and for t ∈ E we associate (q1, q2) ∈ (S
1)2 ⊆ Gm
2. Note that by construction
si is unitary, in the sense that si lies in the maximal compact subgroup T ⊂ T
alg. Let ρ : π1 →
T ⊂ Galg be the group homomorphism sending γi to si, and let η : π1 → S
1 ⊂ Gm be the group
homomorphism sending γi to qi, for i = 1, 2.
The group π1 acts on E˜ by deck transform, and acts on g via ρ : π1 → T ⊂ G
alg and the adjoint
action of G on g. Define a˜ρ to be the local g-system on E˜, endowed with the diagonal π1-action.
The quotient a˜ρ/π1 is a local g-system on E, denoted by aρ. Note that as a vector bundle on E, aρ
is the adjoint bundle ad(a). The construction above endows ad(a) with a unitary flat connection.
Similarly, we have the rank-1 local system t˜η on E˜, whose descent to E is denoted by tη. This
local system tη can be considered as a unitary flat line bundle, whose underlying line bundle is Lt.
Proposition 6.16. The following holds.
(1) A flat section x of aρ ⊗C t
−1
η is equivalent to an element x ∈ g
T (a,t);
(2) There is an isomorphism of algebraic varieties between B
T (a)
x and Baρ,x, the latter being the
variety of B-structures on the pair (aρ, x);
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(3) There is an isomorphism of algebraic groups Aut(aρ, x) ∼= G(a, x), which intertwines the
action of Aut(aρ, x) on Baρ,x and the action of G(a, x) on B
T (a)
x .
Proof. (1). Note that a˜ρ ⊗C t˜η, as a local g-system on E˜, is trivial. Hence a flat section of a˜ρ ⊗C t˜η
is canonically identified with an element x ∈ g. On the other hand, a flat section of the local
g-system aρ⊗ tη on E is a π1-invariant flat section of a˜ρ⊗C t˜η. Therefore, a flat section of aρ⊗ t
−1
η
is canonically identified with an element x ∈ g with the property that q−1i ad(si)x = x for i = 1, 2.
Recall that the T alg ×Gm-action on g is by (t, q) · x = q
−1 ad(t)x for (t, q) ∈ T alg ×Gm and x ∈ g.
Hence, x ∈ g such that q−1i ad(si)x = x for i = 1, 2 is the same as an element x ∈ g
T (a,t).
(2). A B-structure on (aρ, x) is a Borel subgroup B ⊆ G such that si ∈ B for i = 1, 2, and
x ∈ Lie(B). Note that si ∈ B if and only if B ∈ B
si . Therefore, the B-structure on (aρ, x) are
parametrized by Bs1,s2x .
(3). It is well-known that the group of automorphisms of a local system is the centralizer of the
image of π1 in G. Hence, Aut(ρa) ∼= G(a). This in term implies that the group of automorphisms
of the pair (ρa, x) is G(a, x). 
Proof of Theorem 6.12. It is well-known that a holomorphic G-bundle on E admits a unitary flat
connection if and only if it is semi-stable of degree zero (see e.g., [NS65]). For the adjoint bundle of
such a G-bundle, a section is flat if and only if it is holomorphic. Therefore, Theorem 6.12 follows
directly from Proposition 6.16. 
7. Representations at torsion points in type-A
In this section we still work under the assumption that E is an elliptic curve over C. We study
the combinatorics related to representations of the elliptic affine Hecke algebra corresponding to
Un, when the parameter γ is evaluated at a torsion point t ∈ E.
7.1. Reminder on quiver Hecke algebras. Let Γ be an arbitrary finite symmetric quiver, with
the set of vertices denoted by I, and the corresponding Cartan matrix denoted by C. For any pair
of vertices i, j ∈ I, define the polynomial in two variables Pi,j(u, v) to be (v
h/j·j − uh/i·i)di,j where
h = lcm(i · i, j · j) for i 6= j, and Pi,i(u, v) = 0.
Associated to Γ, there is a quiver Hecke algebra (also known as the KLR-algebra) Hn(Γ) for any
n ≥ 0. See [R08, §3.2.1] for a presentation of this algebra, which we will not use in this paper.
Instead, we recall the following fact (proved in [R08, Proposition 3.12] and [KL09, § 2.3]), which
can be taken as the definition.
Let O′ =
⊕
ν∈In C[x1, . . . , xn][{(xi − xj)
−1}i 6=j,νi=νj ]. The idempotent in O
′ corresponding to
the direct summand labelled by ν ∈ In is denoted by 1ν . Let An(I) = C
(I)[x] ≀ Sn, the wreath
product. The variable x in the i-th C(I)[x]-tensor factor of An(I) will be denoted by xi. Define
τi ∈ O
′ ⊗Z(I)[x]⊗n An(I) as follows:
τi,ν =
{ si−1
xi−xi+1
1ν , if νi = νi+1,
Pνi,νi+1(xi+1, xi)si1ν , otherwise.
Proposition 7.1. The algebra Hn(Γ) is the subalgebra of O
′ ⊗Z(I)[x]⊗n An(I) generated by 1ν for
ν ∈ In, xi for i = 1, . . . , n, and τi for i = 1, . . . , n.
In particular, the algebra Hn(Γ) admits a faithful representation on
⊕
ν∈In C[x1, . . . , xn]1ν .
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We recall some well-known facts about representations of the quiver Hecke algebras. The idem-
potents 1ν define a direct sum decomposition
Hn(Γ) =
⊕
ν∈In
Hν(Γ).
The algebra Hν(Γ) has a natural grading (see [KL09, § 2.1]), which is compatible with the decom-
position Hn(Γ) =
⊕
ν∈In Hν(Γ). Let Mod-
gr
0 Hn(Γ) be the abelian category of finite dimensional
graded Hn(Γ)-modules, and let Proj
grHn(Γ) be the exact category of graded projective modules.
Let K0(Mod-gr0 Hn(Γ)) (resp. K
0(ProjgrHn(Γ))) be the Grothendieck group of Mod-
gr
0 Hn(Γ) (resp.
ProjgrHn(Γ)). They are Z[q
±]-algebras where q acts by degree shifting. Note that the Euler pairing
induces an isomorphism K0(ProjgrHn(Γ))C ∼= K
0(Mod-gr0 Hn(Γ))
∗
C. Under this pairing, the basis
on the left hand side formed by the classes of indecomposable projective objects are mapped to the
dual basis of the classes of simple objects on the right hand side.
Observe that the natural embeddings Hk(Γ)⊗Hl(Γ) →֒ Hk+l(Γ) for any l, k ∈ N define induction
functors
Indk,l : Proj
grHk(Γ)⊗ Proj
grHl(Γ)→ Proj
grHk+l(Γ),
and hence induce a multiplication on
⊕
nK
0 (ProjgrHn(Γ)), making it an associative algebra.
We summarize the basic theory of quiver Hecke algebras as the following.
Theorem 7.2. With notations as above, we have the following.
(1) There is an isomorphism of C[q±]-algebras⊕
n
K0 (ProjgrHn(Γ)) ∼= Uq±(n
−),
where n− is the negative half of the Kac-Moody Lie algebra associated to the quiver Γ.
(2) For any i ∈ I, let P (i) = H1(Γ) · 1i. Then the isomorphism above sends [P (i)] to fi ∈
Uq±(n
−).
(3) The basis of the left hand side formed by the classes of indecomposable projective objects are
mapped to the Lusztig canonical basis of the right hand side.
The first two statements in Theorem 7.2 are proved in [KL09] and [R08]. The third statement
is conjectured by Khovanov-Lauda and proved by Varagnolo-Vasserot in [VV11].
We can also state a version of Theorem 7.2 without grading. Let Mod-0Hn(Γ) be the category of
finite dimensional Hn(Γ)-modules on which xi acts nilpotently for any i = 1, . . . , n. The inclusion
Hn−1(Γ)⊗H1(Γ) →֒ Hn(Γ)
induces a restriction of scalars Mod-0Hn(Γ)→ Mod-0(Hn−1(Γ)⊗H1(Γ)). For any i ∈ I, the right
multiplication by the idempotent 1i ∈ H1(Γ) defines Mod-0(Hn−1(Γ)⊗H1(Γ))→ Mod-0Hn−1(Γ).
Let
Resi : Mod-0Hn(Γ)→ Mod-0Hn−1(Γ)
be their composition. Then there is a C-algebra isomorphism⊕
n
K0 (Mod-0Hn(Γ))
∗
C
∼= U(n−).
This isomorphism intertwines the operation [Resi]
∗ on the left hand side and multiplication by fi
on the right hand side.
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7.2. Completion of Hn and the quiver Hecke algebra. From now on Hn will be the elliptic
affine Hecke algebra of Un. We will drop the lower subscript n if it is understood from the context.
We have AG = E
(n), A/W = E(n) × E, and S = π∗OEn+1 where π : E
n+1 → E(n) × E is the
symmetrization map. For any ν ∈ A = En+1, we write it in coordinates as ν = (ν1, . . . , νn, νγ).
The following lemma is a direct consequence of the structure theorem. Let l be an arbitrary local
parameter of the elliptic curve E.
Lemma 7.3. Recall that the divisor Di is given by the equation νi = νi+1, and D
i,γ is given by
νi+1 − νi = νγ.
(1) Let A˜c = A\(∪1≤i≤n−1(D
i∪Di,γ)). The sheaf of algebras H|
A˜c/W
is isomorphic to SW |A˜c/W .
(2) Let ν ∈ En+1 be a closed point. Let O∧ν be the completion of OEn+1 at ν. Then, the algebra
structure on H induces an algebra structure on
H∧Sn·ν := (
⊕
µ∈Sn·ν
π∗O
∧
µ )⊗S H.
(3) The algebra H∧Sn·ν is a subalgebra of End(
⊕
µ∈Sn·ν
π∗O
∧
µ ), generated by
⊕
µ∈Sn·ν
π∗O
∧
µ and the
operators Ti with i = 1, ..., n − 1 such that
(Ti)µ :=

l(γ)
l(xi+1−µi+1)−l(xi−µi)
(1µ − si) + si, if µ ∈ D
i;(
l(xi+1 − µi)− l(xi − µi)− l(γ − µγ)
)
si, if µ ∈ D
i,γ ;
si, otherwise.
(4) Evaluating γ = νγ, we get that the algebra (H
∧
Sn·ν
)γ=νγ is generated by
(
⊕
µ∈Sn·ν
π∗O
∧
µ )/(γ = νγ)
and the operators Ti:
(Ti)µ :=

l(νγ)
l(xi+1)−l(xi)
(1µ − si) + si, if µ ∈ D
i;(
l(xi+1 − µi+1)− l(xi − µi)
)
si, if µ ∈ D
i,γ ;
si, otherwise.
In (3) and (4), the primitive idempotent element in
⊕
µ∈Sn·ν
π∗O
∧
µ corresponding to the multiplica-
tive identity in π∗O
∧
µ is denoted by 1µ. The operators si should be understood as going from π∗O
∧
µ
to O∧siµ.
Let t ∈ E be a torsion point. We naturally identify En with En×{t} ⊆ En+1. Then Hn/(νγ = t)
is a sheaf of algebras on E(n). Suppose that DD(t) = (q1, q2) ∈ (C
∗)2, where DD is the map defined
in § 6.2. Suppose that q1 is of order n1, and q2 is of order n2, where n1, n2 are integers strictly
grater than 1. Let St ⊂ E be the subset consisting of z ∈ E such that DD(z) is of the form
(qu1 , q
v
2) ∈ C
∗ × C∗ for u, v ∈ Z. Let Snt ⊆ E
n be the subset of En consisting of points whose
coordinates are in St. Let Mod-tHn be the subcategory of finite dimensional Hn−modules, whose
restriction to the action of S, considered as a coherent sheaf on E(n), is set-theoretically supported
on π(Snt ).
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We have the following commutative diagram
Ek × El

Ek+l

E(k) × E(l)
πk,l
// E(k+l).
Consider Hk ⊠Hl as a coherent sheaf of algebras on E
(k) ×E(l). By definition of the elliptic affine
Hecke algebras, πk,l∗Hk⊠Hl is a subsheaf of algebras of E ndE(k+l)(π∗OEk+l). It is easy to verify that
πk,l∗Hk ⊠Hl lies in the subsheaf Hk+l. Therefore, we have an injective map πk,l∗Hk ⊠Hl → Hk+l,
which induces induction and restriction functors on the category of representations. One can easily
check that when restricting to subcategories of representations, the following functors
Mod-tHk ⊗Mod-tHl
Ind
--
Mod-tHk+l
Res
nn
are well-defined
Let d = lcm(n1, n2) and let l =
n1n2
d . Let Γ = Γd,l be the disjoint union of l quivers, each of type
A
(1)
d−1. Note that Γ naturally embeds into E as follows. Let I be St inside E. For z, z
′ ∈ I with
DD(z) = (qu1 , q
v
2) and DD(z
′) = (qu+11 , q
v+1
2 ), there is a single arrow from z to z
′. One can simply
verify that the quiver obtained this way is isomorphic to Γd,l. In particular, the set of vertices I
can be relabelled by the set {(i, j) | i = 0, . . . , d− 1, and j = 1 . . . , l}.
Remark 7.4. It follows from § 3.6 and Theorem 5.6 that (Hn)
∧
Snt /Sn
∼=
⊕
µ∈Snt /Sn
H∗G(µ,t)(Z
T (µ,t)).
It is not hard to show that the right hand side is isomorphic to the quiver Hecke algebra for the
quiver Γd,l. The induction and restriction functors can also be described geometrically similar to
[AJL08, § 4]. However, thanks to Lemma 7.3, it turns out to be easier to follow the purely algebraic
approach of Rouquier in [R08].
Let O∧ =
⊕
ν∈In C[x1, . . . , xn]
∧
x=ν , and let the idempotent corresponding to ν be denoted by 1ν .
Define an algebra structure on
O∧Hn(Γ) := O
∧ ⊗(
⊕
ν∈In C[x1,...,xn]1ν)
Hn(Γ)
by setting
τi1ν − 1siντi = (xi+1 − xi)
−1(1ν − 1siν).
Here si is the simple reflection exchanging i and i + 1. Let the operator Ti be defined as in
Lemma 7.3.
Lemma 7.5. The following assignment induces an isomorphism of algebras
φ : O∧Hn(Γd,l)→
⊕
µ∈Snt /Sn
(Hn)
∧
µ
where
φ(xi1ν) = l(zi − νi)1ν
φ(τi) =
Ti − 1
l(zi+1 − νi+1)− l(zi − νi)− l(t)
1ν =
si − 1
l(zi+1 − νi+1)− l(zi − νi)
1ν if νi+1 = νi
φ(τi) = Ti1ν =
(
l(zi+1 − νi+1)− l(zi − νi)
)
si1ν if νi+1 = νi + t
φ(τi) =
(
l(zi+1 − νi+1)− l(zi − νi)
)
si1ν otherwise.
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Proof. This Lemma followed directly from [R08, Proposition 3.12] (which is recalled above as
Proposition 7.1) and Lemma 7.3. 
Due to this Lemma, there is a Gm-action on
⊕
µ∈Snt /Sn
(Hn)
∧
µ coming from the Gm-action on
O∧Hn(Γd,l). Hence, there is a well-defined notion of finite dimensional graded modules over Hn
supported on Snt . We denote the category of such modules by Mod-
gr
t Hn. For each pair of integers
k, l ∈ N, the induction and restriction functors
Mod-grt Hk ⊗Mod-
gr
t Hl
Ind
..
Mod-grt Hk+l
Res
nn
are well-defined, and are compatible with the forgetful functors Mod-grt Hn → Mod-tHn.
Summarizing the discussion above, we have the following.
Theorem 7.6. With notations as above, we have
(1) There is an equivalence of abelian categories Mod-gr0 Hn(Γd,l)
∼= Mod-
gr
t Hn which is com-
patible with Ind and Res on both sides.
(2) There is an equivalence of abelian categories Mod-0Hn(Γd,l) ∼= Mod-tHn which is compat-
ible with Ind and Res on both sides.
(3) The equivalences in (1) and (2) intertwines with the forgetful functorsMod-grt Hn → Mod-tHn
and Mod-gr0 Hn(Γd,l)→ Mod-0Hn(Γd,l).
For each (i, j) ∈ I, we define functors Res(i,j) : Mod-
gr
t Hn → Mod-
gr
t Hn−1 as follows. For any
module M ∈ Mod-grt Hn, by definition, M decomposes into
⊕
(u,v)∈St
M(u,v) as a coherent sheaf on
En. Here for each (u, v) ∈ St, the submodule M(u,v) is the direct summand of M as coherent sheaf
on En, whose support has the n-th coordinate equal to (u, v) ∈ St ⊂ E. Consider M as a module
over Hn−1 via the map Hn−1⊠1 ⊆ Hn−1⊠H1 →Hn. Obviously, each M(u,v) is a Hn−1-submodule
of M . We define Res(i,j)(M) to be the direct summand of M as Hn−1-module whose support has
the n-th coordinate equal to (i, j) ∈ I ⊆ E.
Similarly to the graded situation, the functors Res(i,j) : Mod-tHn → Mod-tHn−1 are also well-
defined.
Let Uq(ŝld) be the affine quantum group of ŝld, and U
−
q (ŝld) its negative part. Let
fij = 1⊗ · · · ⊗ 1⊗ fj ⊗ 1⊗ · · · ⊗ 1 ∈ U
−
q (ŝld)
⊗l
where fj is in the i-th tensor factor.
Corollary 7.7. (1) There is an C-linear isomorphism U−q (ŝld)
⊗l →
⊕
nK(Mod-
gr
t Hn)
∗.
(2) This isomorphism intertwines multiplication of fij on the left and [Resi,j]
∗ on the right.
(3) Under this isomorphism, the basis on K(Mod-grt Hn)
∗ dual to the classes of simple objects
corresponds to the Lusztig canonical basis on U−q (ŝld)
⊗l.
(4) This isomorphism induces an isomorphism U−(ŝld)
⊗l ∼=
⊕
nK(Mod-tHn)
∗, which also
intertwines [Resi,j]
∗ and fij.
This is a direct corollary of Theorem 7.2 and Theorem 7.6.
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